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Plastic Torsional Buckling Strength of 


Cylinders Including the Effects of 
Imperfections’ 


LAWRENCE H. N. LEE* ann CLIFFORD S. ADES** 


University of Notre Dame and Bendix Aviation Corporation, Respectively 


SUMMARY (M1), = critical buckling torque 
’ ; : : ; bending and twisting moments in cylindrical 
The torsional buckling strength of a cylinder in the plastic hell 
she 


range has been determined. An energy solution and a more exact 
- wave-length ratio 


solution, both based on a plastic stress-strain relationship given i" 
4 | ‘ Ps shape factor of stress-strain curve 


by the simple deformation theory, are presented. Close agree- : . 
4 number of circumferential waves 


ment between the two solutions is found. The effects of large . 
mean radius of evlinder 


deflections and imperfections on buckling strength are analyzed 
membrane forces 


For two groups of experimental results used for comparison, the ; 
5 PS : I > idle A yciis ny x thickness of evlinder 

effects of geometrical imperfections in the plastic range are total potential 
aa = X . ota ote il 
negligible. The theoretical results are found to be in good agree , 
unevenness factor 


ment with the experimental results : , 
displacements in axial, circumferential, and 


radial directions 
SYMBOLS 2! = jnitial radial displacement 


: ; : imperfection factor 
= amplitude of buckling wave sian sail 
* gees ony ~oordinates x ‘ire rent an 
amplitude of initial deviation from perfect r ordinate in axial, circumferential, and 
hap radial directions 
Sstlape 
ee a Poe rectangular coordinates in a plane 
parameter defining buckling wave ee “ aaa re SE eee Sane 
7 P . Se with ¢ a Irection 
Young’s modulus of elasticity : sass — ; 
‘iat weil middle surface shear strain 
sec: oO S 

tangent modulus average unit angle of twist 
ie ; ‘ : shear strain in xy plane 
strain intensity defined by Eq. (4 gs 
yy ‘ , second unevenness factor 
Airy’s function for membrane forces ‘ 

: ; . = strain energy 

stress defined by secant line of slope 0.7 5} 
. , normal strains 
torsional modulus of rupture 
; ; nee reduced modulus factor 
nondimensional geometry factor 


1/H 


imperfection factor defined by Eq Ss 


ratio of circumference to critical longitudinal 
wave length 


, Poisson’s ratio 
length of cvlinder tal 
s F . / A modulus ratio 
longitudinal and circumferential half-wave 
normal stresses 
lengths 
average shear stress 
torque ; 

shear stress in xy plane 


critical buckling shear stress for perfect 
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Elements.”’ INTRODUCTION 


critical buckling shear stress for imperfect 
evlinder 


curvatures 
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shells have been investigated in recent years.'~* It 
has been shown that these effects are significant and 
that they provide a theoretical means to explain cor- 


rectly the experimental phenomena in the elastic 
range. These effects are comparatively small in plastic 


buckling as revealed by available experimental results. 
They may still be significant, however, especially in 
the region close to the elastic range. It is the purpose 
of this paper to provide a formula to estimate closely 
the torsional strength of cylinders for design and to 
establish the order of magnitudes of these effects so 
that the scattering of test results can be, at least, 
partly explained. 

There are three groups of theories on the plastic 
stress-strain relationships of work hardening materials 
and 


namely, incremental theories,*~® slip theories,’~* 
deformation e 
ever, that available experimental results for the plastic 
buckling of plates and shells agree best with predictions 
iS 6The 


stress-strain relationship based on the deformation 


theories.’ has been shown, how- 


obtained by using the deformation theories.'” 


theory as suggested by Ilyushin"! is used as a mathe- 
matical simplification to fulfill the purposes of this in- 
vestigation. In Shanley’s that 
buckling and increase in load progress simultaneously 
Thus the entire cylinder may 


addition, concept” 
has been considered. 
remain in a purely plastic state in the early stages of 
buckling. 

In studying the effects of imperfections, and in com- 
paring experimental and theoretical results, the Ram- 
berg-Osgood representation of the uniaxial stress- 
strain curve’ " has been adopted. Furthermore, the 
following two assumptions have been made: (1) the 
displacements are small compared to length or diameter 
of the cylinder, but may be of the order of magnitude 
of the thickness, and (2) there are no normal stresses 
in the radial direction, and lines originally normal to 
the median surface of the shell remain so after loading. 


ANALYSIS 


Membrane Forces and Moments 


For a thin cylindrical shell of mean radius 7, length 
L, and thickness ¢, let x, s, and z denote orthogonal 
coordinates in the axial, tangential, and radial direc- 
tions, respectively. Further, let u, v, and w (positive 
inward) be the corresponding components of displace- 
ment of any point in the middle surface of the shell. 
The average shear stress, 7,,, of the cylinder subjected 
to an external torque, J/,, is 


Trs M,/2rr°t (1) 


If the stress is in the plastic range, the corresponding 
, may be determined by the simple 
deformation theory of He 
isotropic incompressible material (Poisson’s ratio yu 


shear strain, y; 


Ivushin.!! considers an 


1/2) and assumes that 


oa; = f(ei) for do; >0 


In a state of plane stress, the stress intensity 


| 


ICAL 


SCIENCES 


i Cy” = C284 TF SF 
and the strain intensity 
ey (2/V 3) Ve T €y° T €r€y T (Y } 4 


oz, 6, and r,, are normal and shear stresses, respec 
tively, and e,, €,, and y,, are the corresponding strains 


The functional relationship shown in Eq. (2) may be 
determined from the uniaxial stress-strain curve of th, 
material. If do; < 0, the relationship between o;, and 
e; becomes linear as in the elastic range. According t; 


Eq. (2), the average shear stress and the middle surfacg 


shear strain, y,;, have the following relationship befor 


buckling: 
Tz (Fisne/ 3) Yrs 5) 
where F,,< o;/e;1s the secant modulus of elasticity, 
When buckling occurs, the stress field may be con- 
sidered to be composed of membrane and bending a¢ 
tions. They are revealed as follows. Considering th 
effects of large deflections and imperfections, the strain 


displacement relationships’* are 


€; (Ou/Ox) + (K/2) (Ow/Ox)? | 
€ (Ov/Os) + (K/2) (Ow/Os)? — (w/r) (6 
Vx (Ou/Os) + (Ov/Ox) + K(Ow/Ox) (Ow/Os | 


t 


in which ¢e, and e, are middle-surface normal strains 


The curvature-displacement relationships are 


X2 0°w/Ox? | 
= “Ww Os . 7 
Xz *w/OX OS 


The constant A introduced by Donnell is defined as 


follows: 


1 + (2act/at) 


Ie Ps 
{2Wy/W 


K 1 + 


Here wp is the initial radial deviation from the perfect 
shape, and is assumed to be proportional to the buckling 
shape w. The quantities ag¢ and at are the amplitudes 
of wy) and w, respectively. J is the imperfection factor 

According to the deformation theory, '* the additional 
membrane forces, 7, 7, and 7,, per unit length of sec 
tion, occurring as a result of the plastic torsional buck- 


ling, are 


, ie (4/3) F tle, + (1/2) I} 
r (4/3) Ese tle + (1/2)e,] v 
a (i /a) Baan te | 


The bending moments per unit length of section are 


M, — (Ege t?/9) [xr + (xs/2) ] 

M, — (Fsee t?/9) [x + (x,/2)] (10 

M.; (Eitan ¢?/18) x | 
where [yan do,/de; is the tangent modulus of elas- | 
ticity. 
Membrane Force Function | 


Let the Airy function /(x, s) be defined as follows: 


wher 


wher 


Here 
longi 
The | 
minit 
paral 
Work 

Th 
sider 
due t 
energ 


cause 


DS, respec- 
lg strains 


may be 


rve of the 


en o; and 
‘ording to 
le surface 


up before 


sticity. 

y be con- 
nding ae- 
ering the 


le strain- 


| strains. 


‘fined as 


/a) 


: perfect 
yuckling 
plitudes 
1 factor. 
ditional 
h of sec- 


il buck- 


| are 


(10 


of elas 


lows: 


PLASTIC TORSIONAL BUCELI 
i t(O0°F/Os”) | 
Ts t(O0?F/Ox?) (11 
Pes -t(0°F/Ox as)) 


hen the condition of equilibrium for an element in the 
plane of the cylinder wall will be approximately satis 
fed if no body force is considered. The compatibility 
equation, in terms of the strains and the radial dis- 
placement, may next be obtained by eliminating uw and 


Substituting from Eqs. (9) and 


» between Eqs. (6). 
11) into the compatibility equation, the following rela- 
tionship between the force function F and the radial 
displacement w is obtained: 


1) (O*F /Ox"0s*) + 


o'F/Ox*) + (8s 


(O04F/Os*) KExuc[(0?w/Ox Os)? — 
(0°w/Ox") (O0?w/Os?) | — 
(Eyec/1r) (0?w/Ox? (12) 
where & | Ee Oe 


From the nature of the problem, it appears that 7,, 


T., and 7, will be harmonic functions, except for a 
K Eec(at)?m? [ l 2n(s + yx) 
F ‘ - cos 
32 + a - i" + r 
n(s + a,x) 16d 
cos — ; 
r i + ee — 1B; 
n(s + 83x) 
COs 
r a3" Tt 
ay NS + aX) 
4 o cos ~~ 4 
ay’ + (38& — l)ai*? + ] r 5,* + 
where Qy _—m rey y+m 
Qa; y — 3m 0: ¥ + 3m 


Here m is the ratio between the circumferential and 
longitudinal half-wave length, or m | RE ae nL. 
The parameters a, n, y, and d are to be determined by 


Tr 


minimizing the total potential with respect to these 


parameters. 
Work and Strain Energy 


The total strain energy in the cylinder may be con 
sidered to be composed of two parts. The first part is 
due to ordinary torsion, and the second is the strain 
energy, in terms of the membrane forces, and moments, 


caused by buckling. This latter may be expressed as 


(1/2) IS (Tree + Tees + Trs'¥zs + 
Mix2 + Msxs + 2Mosxzs) dx ds 


E 
(16) 


Substituting Eqs. (6), (7), (9), (10), and (11) in Eq. 
16), the strain energy due to buckling is obtained. 


eS, J [(oe) +(32) + 


OF OF 
Ox? ds? 


,.( eF \? End (* (7"T (d*w\? 
3g dx ds + | + 
Ox Os 18 Jo Jo Ox" 
ww O-w 0°w\? 1/ ow | 
1x 1s (17) 
Ox? Os? bi (= ) si é (= Os aie ; 


N 
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equal to fr,, which exists 


ie 


To satisfy this physical condition, 


constant component of 
prior to buckling. 
the general solution of F from the homogeneous equa- 


tion corresponding to Eq. (12) (when w = O) is 
F TrXS 13 
The harmonic terms of the force function / may be 


obtained if the deflection surface is known or assumed. 
The deflection surface used in the elastic range* is in 
good agreement with the buckling phenomena and is 
assumed to be of the same shape in the plastic range. 
The deflection shape is 


sin (rx/L, 
[cos (2rx/L, 1}} (14 


at, sin [n(s + yx)/r 


(d/2 


Thus, WW) (ay) /a) w 


Here a, n, y, and d are arbitrary constants, and L, is 


the longitudinal half-wave length. For the case of 
pure torsion, L, . 
Substituting from Eq. (14) into Eq. (12), the Airy 


force function is found to be 


16d n(s + ax Eat 4) 
cos + x< 
sf — l)a3? + } 27 (_ 
8," n(s + Bx d 2ax 
cos T cos | 15) 
(3 — 1)8," + r in é | 


In these integrations, it is assumed that no part of the 


cylinder is being unloaded, and /,.. and ia, are con 
sidered to be independent of the position of an element 
and Fit, of the 


middle surface element corresponding to an average 


In other words, it is assumed that /,,, 


shear stress are independent of the amplitude at of the 


deflection surface. This is approximately true for 
small values of a, and the peak buckling stress will not 
be greatly affected by this assumption. 

Similarly, the work done by the external torque 
The 


first part is related to the angular displacement caused 


may also be considered to consist of two parts. 


by the ordinary torsion; and the second part is related 
to the additional angular displacement caused by the 
wave formations of the middle surface during buckling. 


The total work done by the external torque may be 
represented by the expression 


L p2e ra 
[ } t [ Tr, dy | dx ds 


where dy’,;, is the total average strain increment. 


(18) 


The 
product y’,, (L/r) gives the value of the total angle of 


twist of one end with respect to the other. 


Determination of Parameters 


The total potential, LU’, is given by the sum of the 
strain energies and the potential of the external torque. 
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The partial derivatives of l’ with respect to the param Knowing the values of y and n, the relationship by 
eters a, n, y, and d must be simultaneously zero. To tween 7,, and y’,, may next be established 
simplify the solution, the approximate formulas for previously defined, is actually the nonperiodic ter; 
and n developed by Donnell'® for the elastic range are in the expression [(O#/Os) + (Ov/Ox) | of Eq. (6). Sub 
adopted, since it has been assumed that the deflection stituting from Eqs. (19), (20), and (14) into Eq. ( 
surface in the plastic range is the same as that in the and equating the nonperiodic terms on both sides 
elastic range. These respective approximate formulas the equation, it is found that 


are as follows: 


CL t)* (L/t)? (3725/Esee) + 8.1979Ha(a + V 


y = —(1.732/H) (19) 
The parameters a and d can then be determined by 
and n = (ar/L) (H/0.722) (20) carrying out the differentiations 
Ol’/oa 0 OU’ /dd = 0 99 
where I] [L2/rt]! 


These lead to the simultaneous equations 
Py! | = + a 90.08213 1 
2. J 0.08213 ID 
2 > Plow + 38 — D2 +17 O27isfh 7%) m 
| | ! 
0.027677 + 0.1660(3& — 1)7727 +1 = 0.9608H7* + 0.9802(3— — 1)? + 1 


l s l 
s.2704nr| 37.3063, 7.0122( +- sr + >|! + da }16| @ ee Va + = v2] pd 


Fe es + 3 
, + 6.0221(3§ — 1)J? + 1 1.0406/4 + 1.0201(3&- 1)/?2 + 1 


I I 
0.0355/! + O.1884(3E — 1)J2 +1 | 230.8698/4 + 15.1944(3E — 1)J2 + | 
\ . . a 24, OSS47? 
0.0821377% + 14.2222¢ + 0.6079dalT*\a + — V> - n 
f | 3 § (36.2657/4 + 6.0221(3 — 1)J2 + 1 
t.OSO4/° i- L) 2 (37, V 
; + ~ 3.59101 Us : tJ, + QO (23 
1.0406/4 + 1.0201(3§ — 1)J? + 1 0.52135 teh LAF | 24 
> ; _ | 
d41.7777 + 0.0102677* + [a + JV]? cn Sa 
\ 36.2657 )4 + 6.0221(3 — 1)J2 + 1 
| 4 I 
1.040674 + 1.0201(38 — 1I)J? +1 0.0355/4 + 0.1884(3% — 1)J2 + 1 
+ 0.02533H4|a + V| X 
230.8698J4 + 15.1944(3 — 1)J2 + 1 Sf eee t 
T 24.0884.72 t.0S04./? IT? 
{ a 0 24 
36.2657)4 + 6.0221(8& — 1)J? + 1 1.0406/4 + 1.0201(3 — 1)J2 +1 0.5213 


where J = 1/H. 
For a cylinder of known geometry, the values of a 


and d may be calculated by assigning a value for |’ and stress-strain curve can be obtained experimentally 
a value for 7,,.. The quantities /,,, and & are functions The quantity ~ can then be expressed in terms of 7 
of 7,, which may be determined from the uniaxial as 
stress-strain curve. It has been shown that the stress- | + (3/7)N(4/3r../ Fos) 
strain relationship of ductile materials can be repre- é : ie! me Sb piessi-- - sa . 26 
sented by a nondimensional equation of the form'®~" b+ (8/0) (W8r25/ For) 
(€E/ Fon) = (0/For) [1 + (3/7) (0/Fos)*—] (25) re Spee 

In the perfect case—i.e., 1° = 0—the values of a and 
where £ is Young's modulus, /).; is the stress defined d determined from Eqs. (23) and (24) approach zer 
by the secant line of slope 0.7/, NV is a shape parameter, up to the peak buckling stress. Thus the peak buckling 
and o and e« are stress and strain, respectively. The stress for a perfect cylinder, (7,,), can be reduced from 


values of F, F).;, and .V which define the shape of the Eq. (23) to the following form: 
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onshj CL W387, STITT] 
nship be B . so10H1| - | — | 3.270411 X \\ \\\ INN 
. owe | 1 | E.. , iN \ 








4 
odie. tern r | ; 
(6 Sub | 37.3063S4 + 7.01221 = ae yr + >| + 3 \ \\ + . —} he 
. L g J ; = N\ 
O Eq. ty " \ ’ 
h sides sil aw AA ee 
().0S82 1317 Saar 7 - + dies 
‘ ; 4 (ap 1 | ; 
} 0.027617 + 0.1660(3é 1) 77 | LIAARWATNY | Kh See, 
7 \ K\ Ne 
‘ 
1 | - \ 29, 
, j SYAOT: adie o} 4 \ L—>— 4», ~ 4 SN 
) 0.960877? + 0.9802(3é — 1)/77? + ] ‘ Ps 
- = V3(Tx)o | \ ‘ve *O, 
i \ a Ko 
~ : | 1%, . 
mined by | Here é,,, is the modulus ratio corresponding to (7,,)o. 9) i. ve Werte I\u % ” 
. . : ' 7, \> : ‘ 
In calculating the buckling strength in the plastic fis i 8 %, 
; al 116__\o__}o_\o| \ J 
} range, a factor, y, defined as! | 
22 \ \ . 
\ Ter) plastic M Ter) elastic (2S r 
may be conveniently used. The elastic buckling stress / a a a a ae a a ca a Sa 
Z . (+) fr 
may be computed by the usual erage. or may be tt 


compute d from Eq. 27) by pli ic ing é land &,.. Fic. | Critical torsional buckling stresses for perfect aluminum 
. , allov evlinders 

Poisson's ratio of necessity here would be equal to i i ata 

2 for both the elastic and plastic cases. The exact , : — ; 

the effects of the imperfections may be obtained by the 


expression for 7 is too lengthy and time consuming for : ; ; : . 
. re - following approximate formula found by cut and-try 


practical use. It has been found by a cut-and-try 


x methods: 
process that 
(Fedo / Fert 1 — (2/3) |V/é (L?/rt)° . (30) 
if ly (0.06 + 0.11477 — 0.00677") 
1 HY) (Eoce/E) (29) Here (7,,), is the drop-off peak value of buckling stress 
corresponding to a given imperfection factor |. In 
1 isa good approximation. It is believed that little error the elastic range, the formula established by Loo,’ 
vill be introduced if Eq. (29) is used along with some : 
value of uw less than 1/2. The maximum deviation of \Ter)y/ \ Ter) 1 — (3/4) [V/(L?/rt ye (31) 
Bi the buckling stress computed using Eq. (29) as com- should be used. The apparent difference between these 
pared to that of the exact expression has been found to two equations [let &,, = 1 in Eq. (30)] is due mainly 
0) (2% be less than one per cent for cylinders of ordinary to the difference in the values of Poisson’s ratio used. 
. metals. The value of » for all possible cases varies It has been suggested" * that the imperfection factor 
from 0.9( boe/L) to Boe E. 1” can be related to the half-wave lengths L, and L, of 
rhe buckling stresses for perfect cylinders of alumi- the deflection surface by the equation 
num alloys computed by Eq. (27) or Eq. (28) are shown . lias Bio 
in Fig. 1 in a nondimensional form. .V 10 is used in “do 2U yj [Lehs/(Lr + £5) |-1/04 (32) 
i the computation, as it has been shown*’ that the stress- where lL) and 6 are experimentally determined uneven- 
strain curves of almost all of the aluminum alloys ordi- ness factors. For the case of pure torsion, L, = L 
‘ ily used in ie aS can be approximated and L mL, ~mL. In deriving Eq. (32), the geo- 
by a curve having this shape parameter. metric deviation has been considered the major part of 
' the initial imperfection. 
0 (24 Rfects of Imperfections Donnell and Wan! have shown that, with 6 = 2.0, 
When there are imperfections—i.e., I’ 4 O—the the unevenness factor ly) varies from 1.5 to 3.0 X 10° 
values of a and d corresponding to a shear stress 7,, may for machined tubes, from 3.0 to 5.0 & 10~° for cylinders 
also be determined from Eqs. (23) and (24). Substi- carefully rolled from well-flattened sheet, and from 
entally tuting a sequence of values of a in Eq. (21), a curve 5.0 to 10.0 & 10~° for cylinders rolled from unflattened 
s of t showing the variation of 7/3r,,/Fy.7 against (L/t)? y's, sheet. 
may be drawn Such curves for the respective values ‘ . ’ 
of the dimensionless factors //, V, N, and (J./t)? React Solution 
(6 K.;/£) are shown in Figs. 2 through 10. These show The energy solution given in the preceding sections 
that the effects of the imperfections (revealed through involves some simplificatiens and approximations. To 
the drop-off peaks) depend upon the combinations of check its accuracy, the exact solution for the case of a 
the various factors. The most pronounced result is perfect, very long cylinder subject to torsion has been 
f a and that the effects of the imperfections decrease rapidly carried out. No attempt has been made to obtain the 
sh zert as the factor \/3r,./fy.; increases. These effects effects of end restraint by an exact solution because of 
uckling therefore are much less in the plastic range than in the the immense amount of work involved. The method 
d from elastic range. used in the derivation of the fundamental equations in 


Summing up the results shown in Figs. 2 through 10 the plastic range is similar to that used by Timoshenko*! 
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jor the same problem in the elastic range. From a 
onsideration of the conditions of equilibrium of the 
membrane forces and bending moments and their rela 
tions to the displacements, three differential equations 
in terms of displacements are obtained. Assuming 
the deflection surface to be the same as that used by 


Timoshenko, the buckling stress is found to be 


I ErX.4 + 1.33[t/r]? [((27E + 10.5)A,,? + 36 

. 12 (9€ — 2)rA,* + 12A, 
(33 
Here X,, is the ratio of the circumference to the critical 


longitudinal wave length, and is equal to the least 
positive root of the equation 


e(9e — 2]® + [108E — 1.33(t/r)? X 
(9& — 2) (27E* + 10.5) |A4* 4 
192[(1/12) (t/r)? (2722 + 10.5 
ge(9F — 2) JA? — G91IZE = O (34 


fas used just above is the modulus ratio corresponding 
to the buckling stress 7,,. 

A comparison of the energy solution with the more 
exact solution has been made for cylinders of heat 
treated steel having the following properties F 


ultimate tensile strength) 90,000 psi, / 29 X 
10° psi, /*., (0.2 per cent offset yield stress) = 70,000 psi, 
Fo.; 67,700 psi, and .V 17.6. The results are 


shown in Fig. 11, where the quantity /,, is the torsional 
modulus of rupture as determined by the well-known 
elementary torsional formula 


Fst (\1.)--D 


2], (3: 


Here (MV, (t-r)o9 2ar*t, D is the outside diameter 
of the cylinder, and J, is the polar moment of inertia. 
The theoretical curves given in Fig. 11 are for perfect 
The curve L/D 


tion that the complete section is subjected to the ulti 


cylinders. 0 is based on the assump 


mate shear stress. The energy solution gives good 


agreement with the exact solution in the plastic range. 
Comparison with Experimental Results 


In Fig. 11, a total of 81 test results are also shown. 


lhe cylinders used in the tests were made of nominally 


I 


NG STRENGTH OF CYLINDI 


90,000 psi heat-treated steel, ‘and the recorded ulti 
mate strengths varied from 88,400 psi to 122,700 ps1 
For comparison purposes, a shape factor .\ 17.6 1s 
assumed, and the experimental buckling stresses are 
reduced by direct ratio to those corresponding to 90,000 


psi ultimate strength. Investigation of tubing tor 
sional strength test data shows this to be feasible Phe 
average ratio of experimental to theoretical buckling 
stress for the group is 1.070 (excluding test results of 


D/t < 10). 


experimental results were due to (a) the 


It is believed that the higher values of the 
additional 
strength developed by excess deformation after buckling 
see Figs. 2-10) and (b) the loading function for the 
plastic stress-strain relationship. 

A comparison of the experimental results of 24 
aluminum-alloy tubes with the theoretical buckling 
stresses by Eq. (27) is shown in Table 1. Specimens 
1 through 10 were machined from 75S-T6 2-in. diameter 


round rods,** and specimens 11 through 24 were made 


of 61S-T6 round tubing.*° A 


10 was used in the 
calculations. /).; was taken equal to 0.2 per cent offset 
yield stress For the 75S-T6 tubes, the longitudinal 
yield stress was 76,100 psi and the transverse yield 
stress was 70,000 psi; the average value of 73,050 psi 
was used in the computations. Only one set of yield 
stresses is given for the second group, and presumably 
they were longitudinal properties. The average ratio 
of experimental to theoretical buckling stress for the 
24 cylinders is 0.930. 

In an attempt to account for this relatively lower 
ratio of experimental to theoretical results for the alumi 
num cylinders, the effects of imperfections were con 
2.0, l 
for machined tubes are substituted in Eq. 
30), it is found that 


sidered. If the unevenness factors of 6 
3 ek 0 
32) and then into Eq. 


(0.00132 /& 4 
(}77/{1 + (0.722/H)]?*} (r/t 8 (36 


} 


(+ Ne A ay 


The computed effects of imperfections are shown in 
Table 1, 
Another explanation is that the aluminum alloys are 


and are found to be practically negligible. 


considerably anisotropic as indicated by the difference 


in the longitudinal and transverse properties. If the 
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TABLE 


Comperrison of Theory With Experimental Results 


F 7» T 
Specimen D/t L/D psi psi 
| 9.9 6.41 73,050 53,400 
= 15.1 6.94 73,050 50.000 
3 20.0 7.21 73,050 $3,600 
} 7.3 6.55 73,050 $4,800 
5 24.9 6.69 73,050 $1,900 
6 30.1 6.78 73,050 $1,700 
7 $().2 6.91 73, 050 38,600 
& 18.9 6.98 73,050 36,200 
g 57.4 7.08 73,050 33,100 
10 80.6 7.09 73,050 20,600 
11 80.6 5.70 10,500 19,100 
12 58.8 5.70 38,000 18,600 
13 58.8 17.0 38,000 17,400 
14 39.4 5.70 38,500 22 700 
15 39.4 17.0 38,500 22 300 
16 39.4 27 .6 38,500 22,000 
17 19.8 5.70 39,800 25.400 
18 19.8 ee 39, 800 25,100 
19 19.8 S74 39 800 25.900 
20) 10.0 17.4 39,700 28 600 
91 80.6 11.5 410,700 15,400 
22 60.6 13.5 10,000 20,200 
23 4). 4 11.5 $1,500 23 , 900 
24 20.1 11 .d 38,600 24,500 


transverse yield strength and proper values of Poisson's 
ratio were used in the calculations, it is probable that 
better agreement between the experimental and theo- 
retical results would be found. 


CONCLUDING REMARKS 


The effects of imperfections on the buckling strength 
of cylinders in the plastic range are relatively small. 
They may still be significant, however, depending on 
the combination of geometry, method of fabrication, 
stress-strain relationships, and the intensity of stress. 
Eqs. (30) and (32) can be used in estimating the reduc- 
tion in buckling strength due to imperfections. 

The results of this analysis indicate that the plastic 
stress-strain relationship given by the deformation 
theory again leads to a fairly accurate prediction of 
buckling strength. This shows that the deformation 
theory is at least adequate for solving buckling prob- 


lems. 
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‘Boundaryv-Laver Measurements at Supersonic 


Nozzle Throats’ 
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! 
California Institute of Technology 
SUMMARY Subscripts 
) l = local value at boundary-layer edg« 
ill-static-pressure measurements and boundary-layer pitot ut = local value at wall 
ssure surveys were made near the throat of a flexible-wall . ; 
e ° ° Superscripts 
ersonic-wind-tunnel nozzle at three settings having throat - - 7, 7 
1ii of curvature from 33 to 59 in. It is found that the longi = value at : = 1 eny-@ 5 _ u 
jinal static-pressure gradient at the nozzle throat calculated = REE VEES (ere 
from one-dimensional flow theory agreed with the measured 
} ill-static-pressure gradient INTRODUCTION 
The boundary-layer velocity profiles at the nozzle throat are ; 
resented and discussed. The boundary layers were turbulent p | tHE USE OI the momentum-integral-equation 
nd 0.046 to 0.107 in. thick. It is found that the boundary-layer method for calculating the boundary layer thick 
mentum thickness at the nozzle throat calculated using the ness corrections for wind-tunnel nozzle contours is 
mentum integral equation and several approximations agrees widely known and has been partially confirmed by ex- 
ith the values determined from the measured boundary-layer 4 . ae 
at : : . periment. More recently, the boundary-layer in 
p pr files. Finaliy, it is noted that, in spite of the different static f - ; : 
ressure gradients, the boundary-layer velocity profiles for the tegral equations have been used to calculate the heat 
ifferent nozzle settings are similar, and it is shown analytically transfer to wind-tunnel and rocket nozzle walls.! In 
t this similarity is to be expected these cases, the region of greatest interest is the nozzle 
throat since the heat-transfer rates are greatest there. 
S 20LS ° ‘ . . . 
ii An intermediate step in calculating local heat-transfer 
' . . . e 
| H = 8*/0 rates is the determination of the local boundary-layer 
= radius of curvature at nozzle throat == 2/(d*t/dx momentum thickness. Consequently, measurements 
= Mach Number . were made at several supersonic-nozzle throats to study 
= nozzle exit Mach Number i 
«\ 1/N the boundary layers there and to test the values of 
= constant in equation (4/4 = (y/o - ° . e 
static pressure throat momentum thickness predicted by reference 1. 
| supply pressure 
I = pitot pressure EXPERIMENTAL TECHNIQUI 
; local he ight of nozzle 
temperature Measurements were made near the throat of the Jet 
= equilibrium temperature Propulsion Laboratory’s 12-in. supersonic wind tunnel 
! total SCMPRERNETE, 4 upply temperature of the pitot-tube pressure /»’ across the boundary layer 
= defined by Eq. (3 . . 

ete eater and of the static pressure p along the nozzle wall. Be 
= velocity in x direction . . ete SPE. : ; 

: cause of the undesirability of drilling holes in the highly 
= shearing stress velocity = WV 7/ p, ; : _ 
= distance parallel to wall stressed nozzle flexible plate, a boundary-layer pitot 
= distance perpendicular to wall probe was developed which could be supported from 

free-stream velocity gradient at nozzle throat the tunnel test section.| A schematic drawing and 
ratio of specific heats photograph of the probe are shown in Fig. 1. The 
| boundary-layer thickness ; oie : ; nek 
’ ; pitot tube is fixed to a cantilever beam which is free to 
boundary-layer parameter defined in text ae é 
displacement thickness move inside the body of the probe when the beam de- 
0 momentum thickness flection cable is pulled. The deflection of the beam is 
kinematic viscosity sensed by a pair of strain gages glued to the beam and 
static densi = - p ; > ° ° ° 2 
ssgtimangnae. is measured by a self-balancing bridge (using a modified 
7 = wall shearing stress ‘ ee ae . a : 
Brown Electronik precision indicator rhe bridge was 
; = set so that one instrument division equalled 0.0002 in., 
Received June 11, 1956. : ‘ P . 
| +This paper presents the results of one phase of research as determined by calibrating the indicator reading 
itried out at the Jet Propulsion Laboratory, California Institute against the movement of a micrometer screw; contact 
fj of Technology, under joint sponsorship of the Department of with the micrometer was determined by a sensitive 
\rmy, Ordnance C S jer C act N )A- 95-Ore . . . . - T oe. . , 
: , Ordnance Corps (under Contract No. DA-04-495-Ord electrical fouling circuit. The position of the wall was 
p ‘S),and the Department of the Air Force. 
"Formerly, Research Engineer, Jet Propulsion Laboratory. t The instrumentation was designed by Carl Thiele and built 
F Now Scientist, Scientific Research Laboratory, Convair, by J. A. Irving and D. E. Griffith of the Jet Propulsion Labora- 


\ Division of General Dy namics Corporation 
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“| hosen as that probe deflection reading at which further 
movement of the beam toward the wall gave no cor- 
T— J} responding decrease in the measured pressure, a result 
which showed that, although the cable was bending the 
+— } flexible beam, the tip of the pitot tube was at a fixed 
position in the flow (i.e., at the wall). The tip of the 
MMW «| pitot tube was made of flattened hypodermic tubing 


oN 


nd had an external height of 0.0044 in. and a width of 
025in. The minimum probe Reynolds Number was 
600 (based on a length of 0.0044 in. 


} enough to avoid errors due to viscous effects. 


, which was large 


rhe wall static pressure was measured by moving a 
tube having four coplanar 0.00S-in. holes 
Fig. 2). The tube was moved 


050-in 
long the nozzle wall 
vy a simple screw and nut arrangement, and its posi- 
tion was read to 0.01in. Measurements were made (1 
with the tunnel clear and (2) with a dummy pitot probe 
installed over the tube to check the extent to which the 
probe disturbed the flow field. 


DISCUSSION OF MLEASUREMENTS 


Measurements were made at three nozzle settings 
to test-section Mach Numbers J/, of 
3.8. The nozzle shape parameters and 
Pre- 


corresponding 


ition 
and 


meme toed 
tunnel supply conditions are given in Table 1. 
us hot-wire and pitot-pressure measurements made 

in. upstream from the throat had 


shown that the boundary layer was turbulent at that 


tbout 30 nozzle 


\ typical static pressure ratio, P/ po, survey is 
is the tunnel supply pressure 
It can be 


ee int 
‘—1—} shown in Fig. 3 where p 
ind 0 is the nozzle geometric throat. 
seen that the change in pressure due to the dummy 
| pitot probe is small upstream from the probe body. 

| The measured throat boundary-layer pitot-pressure 
f tatio, py'/ po, is plotted versus distance perpendicular 
Each profile represents three 
The mini 


to the wall y in Fig. 4. 
r more traverses of the boundary layer. 
Witt ss} num distance y at which data were obtained for run 


| : ’ . : 
- 1S greater than for runs 1 and 3 because of a mis- 


—_—| alignment of the pitot-probe tip during run 2. 
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Phe velocity u in the boundary layer was calculated 
constant and 7 
of 


constant 


was taken 


using the assumptions p 
across the boundary laver. The value 


from the static tube survey, and 7), was taken as the 
The values of 
lable III 


versus Vv 
are plotte d 


wind-tunnel supply temperature 
and u/u 6 have been tabulated as 
ot 


“/ uy 


versus ¥V 


reference 5, and the values of 4) ¥ 6, log 


and u versus log v 
Phe 
y at which p,'/p 

through the 
gives a slope ol 
that the throat 
that 


versus log v/6, 


in Figs. 5, 6, and 7 value of 6 was chosen from 


Fig. 4 as the distance 0.995 

A straight 
plotted on the log-log 
about 1/7.0 to 1/7.5 
boundary layers were 
assuming a 1/7-power velocity profile in applying the 
to the calculation of 


line faired velocity data 
basis 


This 
turbulent 


Fig 8) 
shows 


suggests 


and 


momentum integral equation 
boundary-layer thickness at a nozzle throat should give 


good results. 


Theoretical values of 1 versus y/6 were calculated 


from the incompressible turbulent velocity distribution 


of von Karman 


1/u Do (4 4;) log 6 
{ i ) ia log {“O/1 5.5 | 
evaluated for 1’ V r/p rhe shearing stress 7 was 
calculated from 
r pit 0.0126 (7 /1,0)' 4 ? 


which is the incompressible turbulent skin-friction rela 
tion of Blasius modified by the evaluation of j and 7 at 
a mean temperature 

1 1 


The value of 7, was calculated using a turbulent re 








covery factor of 0.9. Combining Eqs. (1) and (2 
gives uw as a function of y for the known values of the 
; _ 
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Fic. 7. Boundary-layer velocity distribution plotted with semi- 


log coordinates 
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Fic. 8. Comparison of measured and calculated boundary-layer 


thicknesses. 


constants 6, 0, 11, px, p, and 7 The computed curves 
for runs 1 and 3 (Fig. 7) bracket the data, and, although 
the measured flow was not incompressible, it is believed 
that this agreement implies that the wall shearing stress 
did not differ greatly from the values computed from 
Eq. (2). 

The tunnel operating conditions and the measured 
boundary-layer parameters are summarized in Table 1. 
A boundary-layer thickness ¢),. has been defined as the 
value of y at u/im 1 given by a straight line drawn 
through the data on a plot of log u/m versus log y. 
From Fig. 6 it can be seen that for these measurements 
5iog/4 0.8. Table 1 shows that the boundary-layer 
parameters were nearly constant for the three runs. 
that 
the boundary-layer profiles had a similar shape in spite 
of their different 
This similarity will be discussed in the next section. 


This agreement would indicate (as do Figs. 5-7) 


having static-pressure gradients. 
From Table | it can be seen that the measured values 
of the boundary-layer shape parameter //7 agreed with 
the theoretical values tabulated by Tucker? for V = 7. 
A comparison of the measured and calculated values of 
6/6 and 6*/6 shows that the measured physical bound- 
ary-layer thickness 6 is greater than that given by 
is used, 


theory. However, if the measured value of 6,, 


the agreement is improved. 


COMPARISON WITH THEORY 


A theoretical calculation of boundary-layer growth 
along the wind-tunnel nozzle was made by means of the 
boundary-layer momentum integral equation. 


TICAL 


SCIENCES 


(d0/dx + (7 +2 —- AM, (du, 


using values of 7 given by Eq. (2) and values of 1 ap 
6/6 from reference 2 for .V 7. 
started from a point about 30 in. upstream from th 
nozzle throat where previous measurements had show 
the boundary layer to be turbulent and about 1/44; 
thick. 

The boundary-layer thickness at the nozzle throg 


was also estimated by the “throat approximatio 


formula (Eq. 35 and Section IV-C of reference | 


6 = 0.052 [(7*) 15 (t*L*)24/7,'/], 6 7/72)6 


The calculated and measured values of 6 and 6 ar 


plotted on Fig. 8 against the measured values of the | 


velocity-gradient parameter 8. The calculated values 


of 8 were obtained (assuming one-diimensional, ise 


tropic flow; cf. Appendix B of reference 1) from 


Oo dt 1 dx 11.0 V7 a 


Eq. (6) gave values of 8 which agreed within 2 per cent 
(Table 1) with the experimental values of 8 determine 
from the measured wall-static-pressure gradient (Fig 
3). Itcan be seen that the ‘‘throat approximation” for 
@ agrees with the more exact calculation and that bot! 
the 
measured values of 6 are higher than those calculated 


calculations agree with measured values. The 
while the measured values of 6,,, are in closer agreement 
with those calculated, as might be expected from th 
behavior of 6/6. 

It has been noted that the nondimensional boundary 
layer velocity profiles from the different nozzles ar 
It that, 
pressible flow, the shape of the velocity profile depends 
(dp/dx), which is the 


similar. has been suggested’ for incom 


on a parameter of the form (6/7 
ratio of pressure to the viscous forces acting on th 
Eq. (4 of the 


“throat approximation” analysis of reference 1, which 


ef. ]. Consideration 


boundary layer 


is based on a linear-velocity gradient 1 Bx, shows 


(cf. Appendix A of reference 5) that, for a particular 
nozzle, (0/7) (dp/dx) does not vary with x; and, further 


(dp dx) 1s inde 


The 


more, that this constant value of (6/7 
pendent of nozzle shape and supply conditions. 
calculated numerical value of this parameter is 

(dp/dx) 


(4 3 — 0.26 ‘ 


This result implies (1) that, neglecting the effects | 
compressibility and within the accuracy of the ‘‘throal 
the boundan 


layers near supersonic nozzle throats are equilibrium 


approximation’ analysis, turbulent 


layers, in the sense of reference 3, and (2) that the pr 


files should be similar since they have the same value | 


of the equilibrium parameter. Since 7 was not 


ured, it is not possible to check Eq. (7 directly. 
Although no other equilibrium boundary-layer pt 


Ih / Ay 
ap/d 


files having favorable pressure gradients, (6/7 


< 0, are available with which to compare these throat | 
profiles, a comparison can be made with the turbulent | 


~ -0.1 


pipe-flow profile for which (6@/7)(dp/dx) 


Continued on page 264 
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obtained from a finite-deflection analysis of cylinders 


under external hydrostatic pressure. In reference 9, 


Batdorf has compared the theoretical critical hydro 
static pressures of simply supported circular cylinders 
with test results of Windenburg and Trilling!® and 
Sturm.'! The critical pressures were determined with 
the small-deflection Donnell equations of reference 12 
which yielded results almost identical with those of 
Mises.'* This indicated that, for 


von comparison 
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Fic. 1. Coordinates and components of displacement of a point 
on the median surface of the cylinder. 


fixed values of the radius and thickness, good agreement 
between theory and experiment was obtained for 
relatively long cylinders, whereas for relatively short 
cylinders the experimentally determined collapse pres 
sures were appreciably below the theoretically pre 
Since the behavior of 


dicted critical 


cylinders under external hydrostatic pressure is of 


pressures. 


considerable interest, it is important that this dis- 
crepancy be investigated. In the present report the 
postbuckling behavior of initially perfect cylinders is 
analyzed with the aid of the techniques applied in 
3, and 5 to 8, appropriately modified to 
Calculations 


references 1, 
account for hydrostatic pressure loading. 
are performed with the aid of deflection functions 
chosen in such a way that critical loads obtained for 
vanishingly small wave amplitudes correspond to 
those derived from classical small-deflection theory 
(see for example, references 1 and 3). In the present 
case this consideration requires that at the ends of 
the cylinder no changes in curvature be permitted 
other than that caused by a uniform radial displace 
ment. With the 
finite-deflection equilibrium configurations were found 


deflection functions considered, 
to exist for pressures greater than as well as less than 
the critical pressure determined from small-deflection 
theory. Pressures less than the critical pressure were 
found to exist only for a finite range of a parameter 


indicative of shell geometry. 


Basic RELATIONS 


The present analysis is based upon the same relations 
among the strains, displacements, and stresses as the 
analyses of references 1, 3, 5, 6, and 8. 

Strain-Displacement Relations—The axial and cir- 
cumferential median-surface strains e, and e, and the 
corresponding shear strain y,, of a thin-walled circular 
cylindrical shell of radius R are taken as 

€é- = (Ou/Ox) + (1/2)(Ow/Ox)? 

(Ov/Oy) + (1/2)(Ow/dy)? — (w/R) (1) 
(Ou/Oy) + (Ov/Ox) + (Ow/Ox) (Ow oy) ) 


a 
\| 


> 
II 


in which wu, v, and w are displacements of a point of 
the median surface in the axial, circumferential, and 
inward radial directions, respectively; x is the axial 
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and y the circumferential coordinate of a point on th 
median surface (see Fig. | 

Stress-Displacement Relations—The axial, circum 
ferential, and shear stresses in the median surface ay 
from Eqs. (1) and the usual form of Hooke’s law 
thin shells, 


o, = [E/(1 — v?)]} (Ow Ox) + (1/2)(Ow Oa 
v[(Ov/Ov) + (1 2)(Ow Oy w/R)); 
a, = [E/(1 — v*)], (Ov Oy) + (1, 2)(dw Ov - 
(w/ R) vy|(Ou/Ox) + (1/2)(Ow/Ox)*]} [| * 
tr, = [£/2(1 + v)],; (Om Ov) + (Ov On fle 
Ow Ox)(Ow Ov); 
in which o, and o, are positive in tension; F£: is th 


modulus of elasticity; and vy is Poisson’s ratio (0.3 jj 
subsequent calculaticns). 
Strain-Energy Expressions—The strain-energy e 
pressions corresponding to median-surface and bending 
stresses, respectively, are (see, for example, reference 3) } 


> 


°L/2 2%27R vail 
W, = (t/2E) | $ 
L/2 


. 2/0 circ 
ae ok soe ee ae -_ 
°f/2 w27R evl 
i (D2 (dw dx?) 4 
e L/2 v0 


(Ow Ox?) (O*w/ Oy I 
O-w Ovoyv lid ay 


in which ZL is the length of the shell, ¢ the wall thickness 
and D = (1/12)£#/(1 — vp’). 
Potential of External Loads—The potential energy 


of axial stresses applied symmetrically to the ends oi 


\ 
the shell can be expressed as 
22 rR °L/2 
W, = —t a 1/2 dy Ou ON )da 
Ps | e L/2 
The potential energy of an applied external lateral 
pressure p is chosen to be consistent with the well | 
known approximate large-deflection equations given 
below. 
“1/2 *22R 
] ] 4 = pw d Y ay { 
« L/2 J0 
Variation of the total potential IV = IV, + II) 
IV; + IW, with respect to the displacements x, 7, and 
w yields three equilibrium equations (see, for example 
reference 8). These equations together with Eq. (2 
yield the equilibrium equation and the compatibility | 
equation, respectively, given by “e 
(D/t)Viw = (0°F/dy?)(0?w/Ox?) — Ei 
2(0°F/Oxdy)(O?w/Oxdy) + (O7F/Ox") X stre 
(0?w/Ov?) + (1/R)(O?F Ox?) + (pt) lire 
t t rt 
and a 
ViF = E[(O°w/Oxdy)? — (O°w/ Ox?) (O?w/dy 
(1/R)(O7w ‘On 8 mid 
0% 


in which the Airy stress function F(x, vy) is defined by 
the relations 


1, circum 


suriace ar 


nt on the 


e's law for 


nergy ex 


id bending | 
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POSTBUCKLING BEHAVIOR OF 
O°F Ov"), Tr = —(0?F/Oxdy), 
C, O°-F Ox y 
v O*/Ox*) + 2(6*/Ox"Oy") = (0*/Oy* 


DEFLECTION AND STRESS FUNCTIONS 


As mentioned previously, the present analysis is 
based upon the procedure described in references 1, 
to do. 


and 3 In the present calculations, the de- 


flection function is chosen as 


tt} [a — cos(ry A,)][cos(axv L) 4 
b cos(3ax/ L oa e; 
&t{—cos(mx/ L) cos(ry/A,) — (10 
b cos(3rx, L) cos( wy/X,) + 


a cos(ax L) + ab cos(3ax/L) + e] 


in which x is measured from the center of a generator; 
E is the 
circumferential half-wave length; ae 
spectively, are the wall thickness and length of the 


bh, and e are undetermined coefficients, A, 


and ¢ and re- 


Cc 
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M, —D[(0?w/Ox?) + v(O*w,/ oy vanishes, while 
the deflection corresponds to a uniform radial dis 


latter deflection 
to 
radial contraction prior to buckling assumed in the 


This term together with the 


The 
was included in Eq. (10 


(tte). component 


placement 
account for the uniform 
classical solutions.® 


first term of Eq. (10) in its expanded form are con 
sistent with the small-deflection buckling solutions 
of references 9 and 13. The remaining terms were 


introduced to impart to the deflection function addi 
tional degrees of freedom in approximating the de 
The addi 


tional degree of freedom obtained by allowing the 


flected shape in the postbuckling region. 
coefficient of the cos (3rx,/L) term to be completely 
arbitrary could improve the solution but would entail 
of additional computational 


a significant amount 


labor. As in the previously cited references, in order 
to avoid an unwieldy number of deflection parameters, 
the remaining boundary conditions on uw and v (or 
a, and 7,,) are not stipulated; they are replaced by 
conditions of overall equilibrium explicitly applied 
to the stress function F. 

For external hydrostatic pressure loading, the stress 


evlinder. Thus at x = +(ZL/2), the edge moment function satisfying Eq. (S) and consistent with the 
assumed deflection function of Eq. (10) is taken as 
} —(Et*/ an”) [fi cos(arx/L) cos(ry/A,) + fo2 cos(2ax/L) cos(2ry/d,) — fo, cos(2arx/L) cos(arv/d 4 
fz, cos(3ax/L) cos(ry/X,) — far cos(4ax/L) cos(ry/d,) + fa cos(4ax/L) cos(2ry/r 
fe. cos(62x/L) cosi TV/Ay) — fio cos(rx/L) + foo cos(2arx/L) — fs cos(3arx/L) 4+ cos(4rx/L) 4 
foo cos(6ax/L) — for cos(ry/X,) + fo2 cos(2ryv/r — (1/2) {8,y* + (8, + g)a 1] 
in which g is a parameter to be determined subsequently, 
a (pR/2I 6, = (pR/t (12 
l Aw hy wd 
(1 $)A wb (1/32)0°(1 4 »b 
fo, = (1/2)Ayw7a(1 + 106 f (1/9) wab 
fs, = DAguwbh f (1/64)w*b 
5A yew ab ¢ l 2SS Ww b 
j ( l 16 24W b l \ ] 2 a-wa\ ] Qh? 
h6.1 (9/2)A 36w"ab (1/32) a*w?(1 + 96 
a (A, L n (3? Rt/ aL? (t/R)n 
w@ En \ 7 Ri L & a A a { ] “T 1a 
ind is the number of circumferential waves. 
I . . ~ = . . . . rr". ° . . . : 1 
rhe expression for the stress function F given in Chis relation together with Eqs. (10) to (12) and the 
Eq satisfies the conditions that the average shear periodicity requirement on v yields 
stress 1s zero and that overall equilibrium in the axial 
direction is satisfied. The parameter g can be related mr(gR? EL awe — (1/S8)aw + b 
to the deflection parameters with the aid of the condi- (9 I 13 
. “ . . . . - - , aA ed 
tion that the circumferential displacement v be periodic 
in Vv (see reference 3 From the first two of Eqs. (2 ; . 
ind Eqs. (9 in which the hydrostatic-pressure parameter k, 1s 
defined as 
Ov Ov 1 E)[(0?F/Ox?) — v(0?F/dv?)] — 
(1/2) (Ow Ov T (WwW R k, = rR P EtL’ 14 
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DETERMINATION OF DEFLECTION PARAMETERS 


The approximate analysis of the postbuckling 
behavior of cylinders under hydrostatic pressure can 


be performed with the use of Eqs. (10) and (11) and 


1 
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may be noted that each parameter in Eqs. (10 
11) can be expressed in terms of a, 0, e, a, and w. 


Because considerable cancellation of terms is effecte, 


it is simpler to calculate IV, + IV; rather than th. | 


the principle that for equilibrium the total potential individual quantities. IV; can be determined fro: 
energy must have a stationary value for any small Eqs. (3), (9), and (11) to (14), while IV; requires th 
variation of the independent undetermined parameters consideration of the first two of Eqs. (2) and Eqs ' 
appearing in the assumed deflection function. It and (9) to (14). The result can be expressed as 
U, + Us: 1/64) a®w*) 648(2a? + Azgg)a2b* + 32(9a? + 254A, + 25Aj6)a7b? + 160Asa2> + 3(1 + 27a?)l 
2(6 + 9a? + 16A, + As)b? + 4b + S(2a? + Ayla? + 3 + at + (4/7) aw} (1/9)(1 + 162A36)ab 
1/35)(27+420As + 1200Aig + 162A3¢)ab? — (1/15)(8 + 118A, — SOAy.)ab — (1/3)(1 + 2Ay)a - 
r/S)(1 — b)e} + (] 2) a?w?) (2 — QR, a b> + (2 — k, a> + S1A 4 = ] 2a)(Va + 1 R, ) + 
(16/3mr)a(3 — bye + 4e? + A, — (1/2a)(a + pv Rk» a vk aw) (2 smriais — b) + e — (1/2 1 — v*)k 
in which 
U, = (27°R?/EtL*’)W,, ete. ) From the boundary conditions considered, the pre 
16 cap. 
B = (xr‘4/48)(Rt/L2)2/(1 — v2) § ’ buckling state of the shell must correspond to th 
_ degenerate form of the deflection function of Eq. (10), } 
tas. (4); (10), < (6) and (10). re -ctivelv. : ; ° : . ; Ee 
Also Eqs. (4) and (1 and (6) and (10), respectivel: for which no wave-like deformation can exist. Such | 
yield a form is obtained for the limiting conditions given by | 
Us, = 2Ba*w*; 162a7b? + 2a? + (1/Ay)b? + ; 
- &,a,o—~0 
LAy)y (17 
, j is (w/t) — &e 
l (= - tk aw, (2 S3mr)a(s — b) + e; IS E 
Equations for the determination of the deflection Eq. (19a), together with these conditions, yields : 
parameters can now be derived by enforcing the Or 1/4801 By] 2h, 
— . ‘ ‘ . a , , , w/t = — (p/? LS — p pd 1) | 
condition that for equilibrium U = U, + 02+ 03+ Us . . ws 
must have a stationary value with respect to a, 4, e, in which the bar over the w indicates the unifon 
w, and a. Calculations are facilitated if this is done radial deflection of the prebuckling state. The rela 
att tne ie Wire. - as 5) ae (18 ea 
first for e. Thus, from Eqs. (15), (17), and (18), tion between deflection and load given in Eq. (20) is | 
y > — ) wie : . ‘ ° ° : 
(OU 0¢ 0 yields identical to that obtained from elementary analysis | 
o-= (Rial +82) = Canes — F) 4 of the uniform contraction of an infinitely long thir | 
{1/2 aali? ~ »)b. 19 walled circular cylindrical shell under external hydr 
static pressure. 
which can also be written as ; — 
With the aid of Eq. (19), the parameter e can be | 
te = (1/8) (x?Rt/L*)(?/a)(1 + 67) — eliminated from Eqs. (15) and (18), and the total | 
2/3m)ta(3 — b) + (1/2)(L7/x?Rt) (2 — v)k, 19a nondimensional potential Ll’ can be expressed as 
U = (1/64) a2wt) 648(2a? + Ass)a2bt + 32(9a? + 25As + 25Aj¢)a7b? + 160Asa7b + (1 + Sla?)b* 4 
9(4 + Ya? + 164A, + Ay)d? + 46 + S(Qa? + Agha? +1 4+ a} + (1/ma?w'a; (1/9)(1 + 648A 36)b* - i 
(1/35)(73 + 1680A, + 4S800A 16 + 648A 46)b7 — 15)(17 + 472A, — 320A16)6 — (1/3)(1 SA,)} 
(1/2) a2w?! [2 — (16/9x?) + 648B — 9k, ]a2b? + (32/392)a2b + [2 — (16/2) + SB — k, Ja | 
[S149 + (4B/Ay) — (1/2a)(2 + 9a)k, |b? + Ai + (4B/A1) — (1/2a)(2 + @)kpy — (1/2)(5 — 4v)k 21) | 
With this expression, the following four relations among the deflection parameters are obtained by enforcing the 
condition that, for equilibrium, U’ must have a stationary value with respect to a, 6, w, and a, respectively. 
(1/32)w2al G48(2a? + Age)d* + 32(9a2 + 25Ay + 25A16)b? + 160A + S(2a? + Ay)} +(1/m)o{ (1/9) X 
(1 + 648A 46)b? — (1/35)(73 + 1680A, + 4800Ai¢ + 648A 46)b? — (1/15)(17 + 472Ay — 320A i6)b — I 
(1/3)(1 + 8A,y)} + af [2 — (16/92?) + G4SB — 9k, ]b? + (32/322)b + 2 — (16/r*) + 8B — k,| 0 (2 
(1 16)w?) 648(2a? “— Azg)a7b* + 16(9a- a 25A, i i 25A 16 a bh a 10A sa? a (1 + Sla* b + (4 i Ya- T ' 
16A, + As)b + 1f + (1/m)wa; (1/3)(1 + 648A 56)b? — (2/35)(73 + 1680A, + 4800A 16 + 648A 36) 
(1/15)(17 + 472A, — 320A,6)} + (16/392)a2 + 6! [2 — (16/92?) + 648B — 9k, Ja? + 81A¢ 
(4B/Ay) — (1/2a)(2 + 9a)k ‘ Q) (20) | 
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IS given by ; 
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{R, ZU | 
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the total 
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rf) H4S(2a T Ax abi + 32(Ca IDAs 25A16)a*b- + 160A sa b + 1 + Sla*)b? + 2(4 Ya 
A , A; 0 7 1b — 3 Pa , A; a T ] T G@ : T > T wil } ] v l T 648A f bh - l 30 73 
1GSOA, + 4800A 15 + 648A 36)b? — (1/15)(17 + 472A — 320A16)b — (1/3)(1 + SA4)j 2 
16/927) + G4SB 9k, |a*b? + (32/327)a*b + [2 — (16/r*) + 8B — k,|a* + [81A,y + (4B/A 
1/2a)(2 + 9a R A, 7; 1B A, 1/2a)(2 + ak U 24 
4 G648(4a? + Cog)a7*b? + 32(1Sa 25¢ + 25C\5)a7b T L6O0Cya b+ a(l + 162a ) + ita 
ISa*® + 16C, + C4 b? + tab + S(4ta Cy)a + a(l + Va ‘ T 2/4 wd) 1/9) (a@ + GANSC¢)/ 
35)(73a@ + 1680C; + 4800Cig + 648C36)b? — (1/15) (17a + 472C; 320Ci¢6)b 1/3)\(a@a + 8Cy);4 
Z 0/Ur i 648B — QR, a b + i % v4 oT-)aa-b + a 2 16 T T SB _ k a T I36B i+ Ya 
81C,5 . ] 4 l + Ya k h T 1B l + a T C l 2 l 7 @ k () 25 
which C A;(a + A;'* s: > ” i 
Since Eq. 26 corresponds to small-deflection 


Thus, for specified values of the cylinder para 


meter theory, it can also be obtained from the first of Eqs 


Band pressure parameter k,, the simultaneous solution 26) if Rk,’ is minimized with respect to a therein.® 

the nonlinear algebraic equations (22) to (25 Application of Descarte’s rule of signs to Eq. (27 
jetermines the deflection parameters a, b, a, and « shows that there exists at most one positive real root 
such that the corresponding potential has a stationary for a. Eq. (27) and either of Eqs. (26) can be com 


value 


For vanishingly small wave-amplitudes, the following 


relations between load and wave-length ratio 


sponding to the small-deflection asymmetrical buckling 


theory of reference 9 can be obtained from Eqs. 


nd (2.5), 


i “ 


vanish. 


2 j+4t J l+a ] a(lz +a l+a =| 


a | & t 


B 


Plai(2 + a ss {B(1 + a)*]/(1 + a) f 


in which the prime on the load indicates the li 
case of small-deflection theory. Elimination « 


from Eqs. 


determination of @ such that a corresponds to the 


critical hydrostatic pressure: 


respectively, if w, a, and b are permitted to 


26) yields the following polynomial for the 


bined to yield 


> 5 | ) 
corre- k, er La,, | a Zo 
hydrostatic-pressure 


the critical 


is the corresponding wave-length 


in which &, is 
1 
ie parameter and ari; 
parameter determined by Eq. (27 


and a with the 


It may be noted that 


In Fig. 2 the variation of &, 
cevlinder parameter B is shown. 


»- 


. these results, obtained with Eqs. (27) and (28), are 
me. identical to those of reference 9. 
mting : : : 
és Approximate axially symmetric buckling loads 


i &,’ ‘ ‘ ‘ . 
; corresponding to cylinders with free edges can also be 
23 These loads to 


{ 205 


obtained from Eqs. (22) and 
gether with corresponding deflection functions and 


limiting conditions on the parameters appearing in 


Pa + 3a? — 4B(1 + a)! 0 27 Eq. 10) are 
(Ry erin = 2(1 — (8/w?)] + SB 
(w tla cos(rx/L) + « (£,b—~ 0; ga, ke  O 
Sw lcren (2/9) [1 — (S/9xr + 72B 
(w tt{ab cos(3ax/L) + « (é, fa, £h > O; Eab, ke ¥ O 
§ Ry crits (1/2) Rp eri, + R; — [(k, ~~ ow + (1024/8144) }"*; 
lw ttla cos(mx/L) + ab cos(3r/L) + ¢ £, &b — (): £a, tab, ke ~ OU 
These results are also indicated in Fig. 2. It can sponds to the assumed deflection function of Eq. (10), 
be shown that buckling loads corresponding to kp» eri:,, it was expedient first to solve four simpler sets of 
afford good approximations to those determined from equations based upon approximations to Eq. (10 
exact solution of the axially symmetric, small-deflection before considering the more complete solution. This 
differential equations in the region considered. Fig. 2 served the double purpose of producing, with relatively 
shows that when B > 7.2 X 107°, Rp crit Ra ieries simple computations, first approximations for sub- 


and hence, buckling is initiated in an axially symmetric 
Calculations also show that when B > 7 
). The primary 


fashion. 
>. R, < Ro crit (See also Fig. 2 


concern of the present analysis of postbuckling behavior 


is with equilibrium configurations initiated by 


metrical buckling. 


NUMERICAL SOLUTIONS AND DISCUSSION OF 


Because of the complicated nature of the 


simultaneous equations (22) to (25), which 


RE 


sequent calculations and of indicating the suitability 
of the assumed deflection function. 


6 X 


First Approximation a = b = 0 


oenies. The deflection function corresponding to small 
; deflection theory affords a simple first approximation. 
Since this function corresponds to that of Eq. (10) 

—- when a and / are fixed as zero, the related set of equa- 
tions for determination of the remaining deflection 

set of parameters a and w is given by Eqs. (24) and (25 
corre- with a@ = 6b = 0. Manipulation of the resulting 
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Variation of buckling parameters with B 


equations yields 


. it 3 4(°2 ! f 
Za)(1 + a) J[at(3 — aT 


1B(1 


+ a)i(1 — a + 2a?)] (29) 

Thus, for a given value of the cylinder parameter 
B, a can be determined for any specified value of k,. 
It is, of course, much simpler to choose a and solve 
for its: 
admissible, since a = (\,/L)?. 
set of values for k, and a is determined, the parameter 
If w and 


In either case only positive values of a@ are 
Furthermore once a 


w can be calculated from Eqs. (24) or (25). 
a constitute a solution of these equations then so does 
Obviously, values of k, and a must be 
Hence, 


the set —w, a. 
restricted to that range in which w is real. 
enforcement of the condition that w*? must be greater 


than or equal to zero yields from Eq. (24) (with a = 


k, > 2[a' + 4B(1 + a)*]/a(2 + a)(1 + a)? 
The smallest value of k, from this expression is 
k,’, where k,’ is given by the first of Eqs. (26). It 


has been shown previously that the minimum value of 
ky’ is Rp crite Thus, within the present approximation 
the least permissible value of the postbuckling pressure 
is the critical pressure computed from small-deflection 
theory, and hence in Eq. (29) kp > Rp crit. 

Since the deflection coefficient & appearing in Eq. 
(10) is related to a, w, and B by the expression 
= aw/[48(1 — v2) By? 


Ss 


and since e is given by Eq. (19), the amplitudes and 
wave-length ratio (a'’*) of the deflection function of 
Eq. (10) witha = 6 = 
admissible values of k,. 


0 are readily determined for all 


The postbuckling region was investigated with the 
aid of Eqs. (29) and (25) (with a = 6 = O) for »y = 0.3 
and Bb = 3 < 10-*. 2 < 10-*,2 X 10-*, and 2 & 10-°. 
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These values of B were chosen because they correspon 
to the region within which reference 9 indicates larg 
discrepancies between small-deflection buckling theon 
In 
showing the variation of a, w, €, 
values of B. 


and experiments. Fig. 3, curves are presente 


and ge with &, for th 


aforementioned It may be noted fron 


Eq. (29) that as a—> 1/2, k, > , provided B = 1,8] 
When a = 1 2and B = 1 Si, k, is found to be negatiy, 
and hence from Eq. (24) (with a h Q), w is imag; 
nary. From Eq. (29) it can also be shown that for 
B = 1-81 the parameter &, is negative for all 


thus Eq. (24) yields only imaginary values for 


This analysis shows that the present solution is uw 
suitable for the investigation of the postbuckling regio; 
when B = 1 Sl. However, for this value of B Eqs 

and (28) yield k, «i, = 2/9 and a 1/2, an 
thus a singular solution 1s obtained. 


—f 


From Eq. (10) (with a = 6 = QO), it may be noted 


that, since te is always positive [see Eq. (19a)], th 
maximum radial deflection is given by ¢(& + & 
The variation of k, with (Wmer/t) = (J& + £e) is 


shown by the solid lines in Fig. 4. Thus, according 
to the present approximation the postbuckling behavior 
between 
that k, 


ar, has its least value k, ¢i; at 


is characterized by a relation pressure and 


maximum radial deflection such increases 
monotonically with w, 
Q@-ri, and grows indefinitely large as a approaches 
half. 


oe 


one The latter two conditions correspond t 


(a) 


“ > 


Was and W».- respectively. The 
initial straight line portion of each curve lies in the 
prebuckling region defined by 0 < ky < Ry crit, and 
hence the relation between pressure and deflection 
in this region is given in Eq. (20). 

Although the analysis shows that the wave-length 
parameter a assumes values between a,,;, and one half 
the calculations indicate that for loads corresponding 
to radial displacements of the order of the shell thick- 
ness, a is almost identical to a,,;, (see Fig. 3). Hence 


in this region the number of circumferential waves 


remains essentially constant. If the present ap- 
proximation is simplified by fixing a Qerit, Eqs. (24 
(27), and (28) yield 

w S1(2 + aerit)/Qerit( 1 + Qerit? (R, —k, >) 
which satisfies the requirement that k, —~ k as 
w — 0. When the results stemming from Eq. (30 


are plotted in the region covered in Fig. 4, the curves 
obtained cannot be distinguished from the correspond 
ing curves determined by the unsimplified first-approxi 
mation solution. Eq 
(30) yields results in the postbuckling region, whereas 


However, when B 1/81, 
Eq. (29) did not (see Fig. 4 

An investigation of the state of equilibrium of the 
postbuckling configurations determined with the first 
approximation solution and the simplified first-approx! 
mation solution was performed with the aid of the 
second variation of the total potential (see for example, 
This analysis showed that the results 


reference 8). 


correspond to states of stable equilibrium. 
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Second Approximation b = 0 and Simplified Second 
4pproximation b = 0, a = aeerit 


\ se nd approximation to the radial deflection 
function is obtained if only 6 is fixed as zero in Eq. 
10) Phe 

freedom in the circumferential direction than the 
The 


he determination of the deflection parameters a, 


resulting function allows one more degree 


frst. approximation. corresponding equations 


ind a are obtained from Eqs. (22), (24), and (25 


with 0). These equations can be written as 
TT I SA 4 ; Ww 2a si: 1, T 
|? 16/7?) + SB — k,)j 3] 
S(P a 1,)a T l a — 
6/ r)wa( SA + 16, [2 16) 74 
SB — k,]a? + A, + (4B/A 
1/2a)(2 + a k : U 52 
N(+4aQ C ( a l T 2a — 
( TT ad\ a N¢ 16) 2a 2 - 10) T 
SD i ( 2¢ T SB l 7 el = 
I a)k,| 0 33 


mav be noted that if a, w, and a constitute a solution 


Eqs. (31) to (35) then so does the set —a, —w, and 
The two sets differ only in the location of the 

rigin of the circumferential coordinate. 

simul- 


Because of the complicated nature of the 


taneous nonlinear algebraic Eqs. (31) to (33), solutions 


were determined with a numerical iteration procedure. 


m™ 


The results of the previous calculations (a b = Oand 


U, a a 


suggest starting such a calculation 


with an investigation of Eqs. (31) to (33), simplified 


wv fixing a Q For fixed values of k,, Eqs. (31 
id (32) then reduce to two equations in the variables 
ind a. However, for purposes of computation, it 


vas found convenient to consider w as given, with a 


to be determined. Thus, for a fixed value of 
Eq. (31) was used to eliminate a from Eq. (32 
ielding a cubic in k After k, was found, a@ was 


computed with Eq. (31 This procedure was repeated 


ir successive values of w until curves of w and a vs 


VS. 
were determined for prescribed values of the cylinder 
k, all 


were 


In the solution of the cubic in 
investigated. Calculations 
performed for B 2X 10°, 10+, 3 X 10+ 2 x 10 
2m 10+, and 2 X 10-* (see, 
Except for the case B 2? X 107', the cubic 


ilways yielded three real positive roots, the two higher 


parameter B 


three roots were 


for example, Figs. 4, 5, 


ind (). 


were found 
Postbuckling 
curves for these latter roots started at the load corre- 


mes of which 


to correspond to unsta 


ble equilibrium states. load-deflection 
sponding to the axially symmetric buckling load k, 

While similar curves for the lowest root started at the 
isymmetric buckling load , Since for the cal- 
culations under discussion B < 7.96 X 107-2 and, hence, 
k ee , (see Fig. 2), it is to be expected that 
the solutions corresponding to buckling initiated in 
an axially symmetric manner correspond to states of 


unstable equilibrium. Typical results of the calcula- 
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tions for the asymmetrical buckling solutions are pre- 
sented in Figs. 4 and 5. For the approximation under 
consideration (0 0, a Q-ri;), the abscissa in Fig. 4 
is [see Eq. (10 


Wmar/t & l 


The three dashed curves in Fig. 4 and the curves in 
Fig. 5 show that for B ax WO. 2 X 10°, ana 2 Xx 
10~*, postbuckling equilibrium configurations exist for 
than the load of 
Stability calculations (see reference § 


loads less critical sinall-deflection 


1 
aisSO 


the Ty. 


show that these configurations are unstakle in the 


region of decreasing &, with increasing %'p,¢, ft (see 
Fig. 4 thereafter, they are stable. Similar results 
were obtained for B 2 X 10 and 107 The dashed 


load-deflection curves of Fig. 4 differ significantly 


from those obtained with the first-approximation 


solution (a b 0). The latter solution does not 
reveal the existence of postbuckling loads lower than 
4 

For the case B ye ae 


only one real root for small values of w; 


, the cubic in k, exhibited 
for other values 
three real roots were obtained rhe correspond- 


ot @, 


ing load-deflection relation shown in Fig. 6 differs 


considerably from those discussed previously. In 

the present case, the postbuckling configuration which 

corresponded to the asymmetrical buckling load k 

was found to be unstable. This is to be expected 
7.96 X 10~*, the 

buckling load k , 1S less than k,,,;, (see 


The only stable branch of the load-deflection 


since for B > axially symmetric 


Figs. 2 
and 6 
as a solid line in Fig. 6. This curve 
at a load , 


calculations indicate 


relation is shown 
starts with a horizontal tangent greater 
than k Thus the 


a gap in the solution—1.e., 


present 


aregionk, >k in which 


no stable finite deflection configurations exist. This 
result may be due to the fixing of a a in the 
calculations, since buckling must start at k, k h < 


k, ,and, hence, a;,,;, can have no physical sginificance. 
Because the present investigation is concerned primarily 
k k , no further 
> 7.96 X 10 


4 


with buckling initiated at 
investigations were undertaken for B 

In order to investigate the manner in which the 
postbuckling load-deflection curves depend upon the 
cylinder parameter B, further calculations were per- 
Fig. 4 that, 
equals k, at the 


formed. Each dashed curve of shows 
for the value of B considered, R, 
outset of buckling (£ 0) as well as for some finite 
deflection (€ > OQ). 
the minimum value of the postbuckling load is less 
than k, 


an increase in the load after buckling, only one value 


This condition can exist only if 
If a load-deflection curve exhibits only 


of & (namely, 0) can correspond to k, Re aris 
In order to determine B corresponding to such a condi- 
was set equal to ky ¢,;, in Egs. (31) and (32) 


, with 


tion, k, 
[see Eq. (28)], B was expressed in terms of a, 
the aid of Eq. (27), and the expression obtained for 
a from Eq. (31) was used to eliminate a from Eq. (32 

and reduces 


which 


The resulting expression relates w to a,j; 
5 


to a biquadratic in w. From this relation, 



















262 JOURNAL OF THE AERONAT 

16r —- + y 

a le-2x10" | 

,,i¢ = 0.592 

1.4} 4° ho crit 0.327 

' 2} ie cn eeedies iC oe pees CR 2... Sa 

1.0} 

0.8} + 

0.6+ 

0.4} 

0.2} + + 7 

bxio 
$3.30 0.32 0.34 k 0.36 0.38 0.40 
P 
Fic. 9. Variation of deflection parameters with kp (complete 
solution with @ = acrit) 

corresponds to k, ky crit, it was found that « and, 
hence, € could have nonvanishing values only if ag; 
were such that 1.86 K 10°° < B < 7.96 X* 10 The 
latter limit on B coincides with that obtained pre- 
viously for Ry e-i1, kag: tor BD > 736: « 10-, 


avanti ky crite The calculations fixing the range of 
B for which two values of the deflection exist when 
k, ky crit together with load calculations in this 
range and outside this range are summarized in Fig. 7. 
In this diagram the ratio of the minimum value of the 
postbuckling load to the asymmetrical critical load is 
plotted against B''*. The curve obtained shows that 
the lowest value of the postbuckling load is 97 per cent 
of the corresponding critical load. This occurs when 
B=u3 X 10~. 

The results obtained thus far correspond to a simpli- 
fied second approximation, since a has been assumed 
equal to a,,;;. This requirement corresponds to the 
assumption that the number of circumferential waves 
obtained throughout the postbuckling region is identical 
to that obtained at the buckling. The 


iteration procedure required for the solution based upon 


outset of 


the complete second approximation [Eqs. (31) to (33) | 
the knowledge of the preceding 


was facilitated by 
results. The parameters a, a, and k, were chosen 
as the unknowns in Eqs. (31) to (33), while, once 


again, w was considered fixed. For assumed values 
of a, Eqs. (31) and (32) were solved as described pre- 
viously for corresponding values of a and k, until a 
set of values for a, a, and k, was determined which, 
together with the fixed value of w, satisfied Eq. (33). 
These calculations were repeated for successive values 
of w until curves of w, a, and a vs. k, were determined 
for a prescribed value of the cylinder parameter B. 
Such calculations were performed for B = 2 X 10 

Since for this case Rp» crit < Rp crin, Only those results 
corresponding to asymmetrical buckling were con- 
sidered. They are shown in Figs. 4and &. The curve 
indicating the variation of a with k, (see Fig. 8) shows 
that in the range considered a differs only slightly from 
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Qerit, Particularly in the region of k,, The x 


maining curves are almost identical to those obtain 


previously for a a, [see Fig. S(c Withi; 
the accuracy of the scales used, the dashed curve { 
B 2X 10~* in Fig. 4 represents the load-deflectio, 
characteristics determined from the present calculatiop 
as well as the previous calculations (a a Thus 


the differences in the results of the second approxim 
tion (b Q) and the simplified second approximatj 
(b 0, a Q are insignificant. 


Complete Solution With and Without « = a 


The analysis corresponding to the complete « 
flection function of Eq. (10) involves the laborious tas 
of solving four nonlinear algebraic Eqs. (22) to (25 
for the four deflection parameters a, b, w, and a. 
a, b, w, and a constitute a solution to these equations 


then it can be seen that the set —a, b, —w, and aj 
also a solution differing from the first set only in th 
location of the origin of the circumferential coordinat 
to (25) include one more degr 


with the 


Solutions to Eqs. (22 


of freedom than those obtained secon 
approximation (0 0). 

In view of the preceding results, computations wer 
first performed with a = a;,;;. Hence, the calculations 
consisted of the solution of a set of three simultaneous 
nonlinear equations [Eqs. (22) to (24)] for the de 
termination of a, b, and k, for fixed values of w. Th 
iteration procedure used was the same as that describe 
previously except that (24 


Eqs. (31) and (32), respectively, Eq. (23) replace 


Eqs. (22) and replaced 


Eq. (33), and values of 6 were assumed rather thar 
values of a. The results of calculations corresponding 
to B = 2 X 10~° are presented in Figs. 4 and 9. Com- 
parison of the curves of Fig. 9 with those of Figs. 5(¢ 
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POSTBUCEK LING BEHAVIOR OF 





ind 8 reveals little difference among the results of the 
three sets of calculations represented. The parameter 
neglected in the previous approximations, is seen 
be small compared to a and, hence, does not con- 
tribute to the solution. The _ load- 


ieflection diagram determined from the present results 


significantly 


iffers but slightly from the curve obtained earlier 
see the dash-dot curve of Fig. 4 For the present 


pproximation the abscissa in Fig. 4 is 
tifl+o6+ia1+6)t+e 
The results of this analysis facilitated the computa 


22) to 


applied to the 


tions required for the complete solution |Eqs. 


25)|. In the iteration procedure 
solution of Eqs. (22) to (25), the parameters a, ), a, 
ind k, were considered as the unknowns. For a 
fxed value of w, several values of a@ were assumed, 
id Eqs. (22) to (25) were solved as described pre- 
iously for corresponding values of a, 6, and k, until 
i set of values for a, b, a, and k, was found which, 
») 


together with the fixed value of w, satisfied Eq. (25). 


[The results of such calculations performed in the 
neighborhood of k» min are shown in Fig. 10 for B = 
2X 10 Once again it is seen that in the region 
considered a@ differs only slightly from a,,;, and the 
remaining results hardly differ from those obtained 
with a rit (See also Fig. 4). 

The present results together with those of the several 
approximations considered earlier indicate that the 
simplified second approximation (6 = 0, a Qerit) 
gives satisfactory accuracy within the analysis afforded 
by the use of the deflection function of Eq. (10). Of 
course, application of deflection functions omitting 
the terms found to be insignificant here and inclusion 
of additional degrees of freedom might yield somewhat 
different quantitative results. In addition, considera 
tion of the effect of initial imperfections in cylinder 
construction could also materially affect the numerical 
results (see, for example, reference 7). 

The present solution may be considered summarized 
in Fig. 7. The curve shown indicates that, in the 
range of the parameter B in which buckling is initiated 

ee 


‘ l ~<« 
in an asymmetric manner (B < 0.531), a closed 





complete 





region exists in which the analysis yields postbuckling 
The 
comparison between experiment and small-deflection 
theory made by Batdorf (see Fig. 6 of reference 9) 
indicates that in the region 0.12 < B’* < 0.37 experi- 
mentally determined collapse pressures were appre- 
determined critical 


loads less than the corresponding critical loads. 


theoretically 
B greater than 


ciably less than 


For values of 0.37, no 
experimental data were given and, hence, this value of 


B The region 


pressures. 


cannot be considered as significant. 
described is seen to lie within the range predicted by 
the present analysis to be that in which postbuckling 
loads less than the theoretical critical load exist (see 
Fig. 7). However, the 3 per cent maximum decrease 
in load obtained with the present analysis hardly 


accounts for the large discrepancies between classical 
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theory and experiment which were shown by Batdort 


to be as much as 60 per cent. 


CONCLUSIONS 


The results of an approximate analysis of the post 
buckling behavior of hydrostatically loaded, initially 
perfect, thin-walled, circular evlindrical shells indicate 
that 
exist for pressures greater than as well as pressures less 
than the 
deflection 


stable postbuckling equilibrium configurations 


determined from small 


than the 


critical pressure 


theory. Pressures less critical 
pressure were found to exist only for a finite range of a 
parameter indicative of shell geometry. This range is 


approximately that found by Batdorf to be one in 


which considerable discrepancy between experiment 


and theory is exhibited. However, the calculated 
minimum value of the postbuckling load was found to 
be only 3 per cent less than the corresponding classical 
linear critical load, while experimental collapse pres 
sures are as little as 60 per cent of the theoretical 
pressures. Achievement of better quantitative agree 
ment might require the application of more accurate 
nonlinear strain-displacement relations, the considera 
tion of edge conditions more closely approximating 
realized in tests, the use of more extensive 
deflected 


accounting for initial imperfections, and the considera 


those 


assumed shapes, the inclusion of terms 
tion of inelastic -ehavior. 

It was also found that for loads corresponding to 
maximum radial displacements of the order of the 
shell thickness the number of circumferential waves 
remains essentially constant with increasing deflection 


and equal to the number obtained at buckling. 
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7) that, for the throat profiles, « is linear with log y 
almost to the outer edge of the boundary layer, which 
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profile. For flat-plate flow, (@/7r)(dp/dx) = 0, and, 
for equilibrium flows with positive pressure gradients, 
the semilogarithmic profile departs from linearity well 
within the boundary layer (Fig. 18 of reference 3). 
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Theories of Strength for Combined Stresses 
and Nonisotropic Materials 


JOSEPH MARIN* 


The Pennsylvania State University 


SUMMARY 


Many theories of failure for defining yield and ultimate 
gths of materials have been proposed during the past 100 
rs. One of the inadequacies of these theories is that they are 


pplicable for materials with different tensile strengths in 
rious directions, nor are they suitable for materials with dif- 
ferent strengths in simple tension and compression. Theories 


provide for these limitations are proposed in this paper. 
DISCUSSION 


1, Conventional Theories of Failure for Yield Strength in 
Isotropic Ductile Materials 

— TWO MAIN THEORIES used for defining failure 
- by yielding for ductile materials are the maximum 
hear stress and distortion energy or \on Aises-IIencky 

theories.| The equations defining these theories are, 


respecti\ ely, 


01 — G2 E Oyp 
0» —- Co = I (] 
Oo —_ os — I 

vi T Gs Cs" — CiCe — Cols — O30; Oyp (2) 


where oy, the yield stress in simple tension. 

Fig. 1 shows a graphical representation of both the 
maximum shear and distortion energy theories for bi- 
axial stresses obtained by placing oa; 0 in Eqs. (1) 
and (2). Most biaxial-stress test results on 


metals show that the distortion energy theory is in 


ductile 


best agreement with these test results. 


2) Conventional Theories of Failure for Ultimate or 


Fracture Strength in Isotropic Materials 

Various theories of failure for ultimate strength in 
isotropic materials have been proposed.* It is usually 
recommended that for ductile materials the maximum 
shear theory? be used while for brittle materials the 
maximum stress theory is often used. For the case of 
triaxial stresses, the equations defining these theories 


are, respectively, 


\ 
jh 62 Sy 
oo — es, 3) 
seas 1>— =x 
0} = +9, | 
Go = +G6y (4) 
o3 Cy 
In Eqs. (3) and (4),’o, is the ultimate or fracture stress 
Received April 20, 1956. Revised and received September 
28, 195¢ 


* Professor and Head, Department of Engineering Mechanics. 


For two-dimen 
and } 


in simple tension or compression. 
sional stresses, 0 0. Then Egs. (3 can be 


plotted as shown in Fig. 2. 


3) Theories of Failure for Materials with Different 
Strengths in Tension and Compression 
The strengths in simple tension and compression are 


not equal for some materials. Two of the main 
theories that have been recommended for such mate 
the .Johr theory’ and the maximum stress 
These theories are plotted in Fig. 3 two 
The equations defining failure 


rials are 


theory. for 
dimensional stresses. 
for biaxial stresses are, by these theories, as follows 


(a) For the Mohr theory: 


, , 
7 vg . o oO 
” ” 
ao o 0» oO - 
" , ” J 
i o 0 )¢d =——_ 
” ” 
_) ines 0 0 o oO 


where o’ = the yield, ultimate, or fracture strength in 
simple tension and o” = the yield, ultimate, or fracture 
strength in simple compression. 


b) For the maximum stress theory: 


It has been recommended® that the Mohr theory be 
used for most materials since the few available test 
results indicate that this theory is conservative. 


4) Combined Static Stresses—A Generalized Theory of 
Strength 
The conventional 
Eqs. (1) to (6) have the following limitations: 
a) Different theories have been 
different materials and for yield and ultimate strengths. 


theories of failure described by 


recommended for 


It would, of course, be desirable to have one theory 
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Fic. 2. Theories of failure for ultimate strength and ductile 
materials 


which expresses the behavior for all materials and for 
both yield and ultimate strengths. 

(b) The Molhu 
failure in materials with different strengths in tension 
A theory which could more accu- 


theory only approximately defines 


and compression. 
rately express strengths for such materials is desired. 

(c) The conventional theories described in_ these 
equations do not provide for materials with different 
uniaxial strengths in various directions. 

A theory which eliminates the foregoing limitations 
will be developed in this article. It will be referred to 
as a generalized theory of strength. For an element sub- 
jected to triaxial stresses, it will be assumed that failure 
is a function of the second stress invariant.’ Then, for 
isotropic materials without directional properties and 
with the same strength in simple tension and com- 
pression, failure for combined stresses according to the 


requirement of stress invariancy, is defined by 
(oa, — o»)- + (02 — 03) rT (¢ 


where a, is the failure strength (yield or ultimate) in 
simple tension. It can be shown that Eq. (7) is iden- 
tical with the relation representing failure by the dis- 
tortion energy or Von Mises-Hencky criterion of failure 
[Eq. (2) ] provided that o, in Eq. (7) represents the yield 
strength in simple tension. If failure is assumed to be 
a function of the octahedral shear stress, Eq. (7 


It is found, furthermore, that Eq. (7) is the 


is also 
obtained. ® 
relation corresponding to the statistical average of the 
shear stresses on all slip planes of a polycrystalline 
aggregate.> Eq. (7) is also obtained (for biaxial stresses 
of opposite sign) if failure is assumed to be a function 
of internal friction. That is, if the failure shear stress 
7 is considered to be a quadratic function of the normal 
stress ¢o, on the critical plane—namely, 7° fic,” = 


bo,” Eq. (7) is obtained. Moreover, it is of interest 
to note that Eq. (7) 


effective or significant stress used in formulating the 


represents the expression for the 


stress-strain relations in the plastic range according 
to the simple deformation theory." * * ' 

Although the foregoing observations in themselves 
provide strong support to the selection of Eq. (7) as a 
basis of failure, the most important consideration sup- 
porting Eq. (7) is the fact that most available test data 


AERONAUTICAL 


SCIENCES APRIL, 
for ductile and isotropic materials agree with the valye 

predicted by this equation.* * 
that the material hav 


strengths in simple tension and compression and that 


Eq. (7) requires equal 


each of these strengths be the same in all directions 


For materials in which these restrictions do not apply 
the following modifications can be made in Eq. (7 
(a) Strength Theory for Anisotropic Materials (mg 


terials with different strengths in different direction 
To provide for materials which have different simpli 


tensile strengths o, in different directions, Eq. (7) ca 


be modified as follows: 


[A,(o1 — oe) |? + [A,(oo — oa; + 
[A (03 — OC} zo s 
For two-dimensional stresses, o3 QO, and Eq. (8 
becomes 
sa 
a-a; —- O 0,0 = C°CO | Q 
where 
a (A,*? + A Zo0°), b —K,* 6 
( (A? + A,’ 2a 


The values of a, 6, and cin Eq. (9) can be obtained fro1 
three simple strength properties of the material. Vari 
ous possible strengths might be considered. In th 
will be 


found from the simple tensile strengths in the o and ¢ 


present determination, values of a, 6, and « 


directions and the simple torsional strengths— that is, | 
using the conditions that o; on for o 0, o 

for o; O and for o, —go»o, and that o — 0» 

7,, then values of a, b, and c can be determined. When 


these are substituted in Eq. (9), the failure relatior 


becomes 


0} i |] 7 t¢ o — ig - 0\0 + | 
(On Of o a 
Eq. (11) reduces to Eq. (7) or the distortion energ 
' 
theory for ¢o O, on o g,, and r on \ | 
A plot of Eq. (11) for o,/<¢; 0.75 and on 7 1.518 
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Fic. 3. Theories of failure for brittle materials 
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7 it} 
ned frot 
l. Vari CASED) % 7 = 0.75, %= 1.50 

In the | CASE ®@ Pg, = 1.00; Fez a ¢73 

will bi | } Theory of failure for nonisotropic materials with direc 


tional properties 


7, and o 
that 1s 
O2 = On shown in Fig. 4. 


Eq. (11) 


energy theory is also shown 


For purposes of comparison, the 
representing the distortion 

that 1s, the case for which 
and o, 7 An 
Fig. 4 shows that the method of formulation of 
theory requires that the simple tension and compression 
It should also 


When 
relatior ie 


special case of 


Lh tabs examination of 


this 


strengths in a given direction be equal. 
| be noted that Eq. (11 
when the directions of the principal stresses do not 


a modification in is necessary 

coincide with the directions for which the strengths 
and o,. are known. 

b) Generalized Strength Theory—For materials with 

| different strengths in tension and compression and for 
materials with simple tensile and compressive strengths 
that vary in different directions, a more general relation 

For this 


than that given by Eq. (S) must be found. 


purpose, Eq. (7) can be replaced by the equation 


Values of a, 6, and c ean be found, based on various re- 
quirements. 
simple tensile strengths in the o; and o» directions are, 
the compressive 


For example, for biaxial stresses, if the 


simple 
and the strength for 


respectively, on and orp, 
; direction is o, 


then it can be shown that Eq. (12) be 


Strength in the a; 
1S Ts, 


comes 


71° + Ayojoo + oo? + Koo, + Azar K; 13 


i 


OR COMBINED STRE 


or 
" & 
O10 - 7,30 ; | 
& a 4 
a 14 
For an isotropic material, 

and Eq. (14) reduces to 

ao, — |2 — (oe, 7 o\0 ( 15 
If the shear strength 7, is taken as a, y 3, Eq. (lo 
reduces to the equation for the distortion energy 
theory. Fig. 5 gives a plot of Eq. (14) for the case 
where o O.Son, ¢ 1.20¢ and rf O.So4 


For a material with these strength properties, Eq. (14 
becomes 


y> + O.2xr + OTV 2 16 


and M 0» @ 


where x oO) On ‘ 

The generalized theories described in this article may 
be adapted to both ductile and brittle materials. This 
is made possible by the flexibility introduced by the 


experimental constant 7, in both Eqs. (11) and (14 


5) Design for Combined Static Stresses 


In Sections 1-4, theories of failure which give the 


strength of an element subjected to combined stresses 


were defined. The failure relations were in all cases 


expressed in terms of strengths in simple tension and 


compression. Working stress relations corresponding 


to these failure relations can be obtained by using the 


equations given above, provided that the failure 
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strengths in simple tension, compression, and shear are 
replaced by the allowable values. Working stress equa- 
tions for combined stresses are formulated in various 


codes as, for example, those given in references 5 and 6. 


3y the generalized theory as given in Eq. (16), the 
working stress relation becomes 
a, — 0.50;02 + oo? + O.20;0,4) 4 

0.7 G20) L2G 17 
where oa, the working tensile stress for the o; direc- 


tion. In using Eq. (17) for the determination of the 
dimensions of a member, it is often necessary to deter- 
mine the principal stresses from the stress components, 
as illustrated in the following example. 

Example: Shaft Subjected to Torsion and Bending 
It is required to determine the diameter of a circular 
shaft d for a combined loading consisting of a twisting 
moment ./, and bending moment .J/, using the working 
strength relation as given by Eq. (17 

For a shaft subjected to torsion and bending the criti- 
cal element is on the outer fiber where the stress com- 
ponents both have the maximum values of 


G; Mr/I 32M / xd’, T M r/I 
LG. aid IS 
The principal stresses o; and o2 produced by stress 
components o, and 7,, are 
0} (od, or) + V (¢,-- } on / 
(19 
o2 (o,/2) — V (0,7/4) + Try") 


Placing the values of o; and o2 from Eqs. (19) in Eq. 
(17), the working stress relation becomes 


, 


Ow1) \ (o,° 


ee a f: 


0.75 o,” + 0.5(¢, Ves 
1.2641 (20 


1.5rz,? + 0.450.210, 


The value of the shaft diameter can be determined from 
Eq. (20) by substituting o, and 7,, from Eq. (18) in 
Eq. (20). 

In some design problems the critical element cannot 
be selected by inspection. In such cases the stress 
components and the principal stresses at a point in the 
member are expressed in terms of the loads, dimensions, 
and the coordinates of the point. The expressions for 
the principal stresses are then substituted in a working 
stress equation such as Eq. (17). To determine the 
location of the critical element, the left-hand side of 
Eq. (17) is considered as an equivalent tensile stress. 
Differentiating with respect to the variable coordinate 
and equating to zero gives an equation which defines 
the position of the critical element. With the position 
of the critical element known, Eq. (17) is then used to 


find the required dimension of the element. 


6) Design for Static Stress Concentration 


It is well known that, at areas of stress concentration 
such as fillets, grooves, holes, and keyways, the state 
of stress is not that of simple tension or compression 
but is a state of combined stress. This is true not only 
for complex loadings but also for such members as cy- 


lindrical bars with circumferential grooves subjected to 


T 
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axial tension. For certain types of members, loadings 
and types of discontinuities, theoretical stress-concey 
tration factors based on the theory of elasticity haye | 

; ; ; i 
been obtained.'! In some cases, stress-concentration | 
i 


factors have been obtained by using methods of ex 


perimental stress analysis including photoelasticity 


and electric strain These stress-concentratioy 


gages. 


factors are nominally determined for the maximun 


normal stress. 


A consideration of stress concentrations in desigy 


has often been made by simply correcting the maximu 


normal stress for stress concentration. This procedur 


amounts to design based on the maximum stress 


theory. A more rational procedure is to consider thy 
combined stress effect—that is, to apply a theory 
failure to the particular problem. For example, in 

cylindrical bar with a circumferential groove subjected 
be the axial stress and go» the 
Ther 


energy theory, the 


to axial tension, let oa; 
circumferential stress at the edge of the groove 
by the Von 
strength is defined by 


Mises or distortion 


01)" — 0102 T O2 om Zl 
where a, the yield strength in simple tension. If 
og, is the nominal axial stress (the axial yield load 


divided by the net area then Eq. (21) can be ex 


pressed as 


fa/e) Vi : pills. 
where ( d2 0} 
or A,Vl—-ct+e Ku Zé 
In Eq. (22), K, ao, o, 1s called the stress-conce 


tration factor while Ky, is the combined stress-concen 


tration factor. The factor A, is the usual factor applied 
in design while the factor Ay, considers both stress con 
Values ot 


both A, and Ky [as calculated by Eq. (22)] have beet 


centration and the combined stress effect. 


determined by Peterson'’ for a variety of members and 
types of stress concentration. Charts are plotted 1 
reference 12 in such a manner that the combined stress 
concentration factors can be selected easily by the 
designer. 

Stress concentration as treated above does not in 
clude effects of plastic flow. In some cases, designers 
may consider loads which produce plastic flow of the 
material. It is known that, at points of stress conce! 
tration, loading in the plastic range produces a redis 
tribution of stress and reduction in the stress-concen 
tration The 
stress-concentration factors in the plastic range pré 
Some attempts have beet 


factors. theoretical determination 


sents a difficult problem. 


made to determine the plastic stress-concentration 


factors experimentally.! 


CONCLUSION 


This paper develops theories of failure for defining 


strength for various states of combined stresses 4 
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Plastic Stability Theory of Thin Shells 


GEORGE GERARD* 


New York Uv 


SYMBOLS 


pl isticity coefficients 


ixial rigidity, B Et/(1 — v? 
bending rigidity, D = E,f§/12(1 ilso 
diameter 
strain intensity 
E modulus of elasticity 
secant modulus 
E tangent modulus 
buckling coefficient, k = otL?/m?D 
length of cylinder 
number of longitudinal half wave lengths 
bending moment per unit width 
number of circumferential wave lengths 
loading per unit width 
external pressurt 
radius 
thickness 
displacements 
; = coordinates 
Z = cvlinder curvature parameter, 
Z = (L*/Rt) (1 —v*) "2 
3/0; | E./E 
wave-length parameter 
shear strain 
€ = axial strain 
= plasticity reduction factor 
Poisson’s ratio 
elastic value of Poisson’s ratio, ve = 0 
= axial stress 
= stress intensity 
T shear stress 
X = curvature 
vs = differential operator V4 = (0?/Ox? + 0?/dy?)’ 
Subscripts 
y, = coordinate orientation 
2, = variations which arise during buckling in e and x 
= critical 
variations which arise during buckling, such as 
M’and N’ 


INTRODUCTION 


)NSIDERABLE INTEREST is currently centered on the 
role of deformation and flow types of plasticity 
theories in the solution of stability problems. For 
thin flat plates, deformation theory combined with 
classical stability theory appears to yield results which 
are in substantially good agreement with test data. 
On the other hand, flow or incremental theories appear 
to require the introduction of initial imperfections in 
order to obtain a satisfactory degree of correlation with 


tests.7 


March Lk. 1956. 


\ssistant Director, Research Division, College of Engineer- 


Received 
ing 
t For a recent summary of the relation of theory and test data 


n plastic buckling of plates, see reference 5 
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niversity 


Thus, in view of the current state of development of 
plastic stability theory, it appears fruitful to exploit 
the mathematical simplicity inherent in deformation 
theory in the investigation of the plastic stability of 
thin Although there may be ob 


jections to deformation theories as a class, test data on 


shells. theoretical 
flat plates do suggest the predictive value of the results 
obtained from this theory. 

In this paper, a set of equilibrium differential equa- 
tions for the plastic buckling of thin shells of constant 
unequal radii is derived. This set of three equations 
applies to flat plates, cylinders, and spheres under any 
loading system leading to buckling. For particular 
problems such as buckling of cylinders under axial 
compression, torsion or lateral pressure, and spheres 
under external pressure, the set of equations can be 
reduced to a single eighth-order partial differential 
equation of the Donnell type in terms of the radial dis 
placement only. These Donnell-type equations are 
used to obtain solutions for plastic buckling of sphe res 
under external pressure and long and moderate length 
The 


limiting cases of a simply supported flat plate under 


cylinders under lateral pressure or torsion loads. 


compression or shear, represent the solutions for short 
evlinders under lateral pressure or torsion, respectively. 


DERIVATION OF EQUILIBRIUM EQUATIONS 


Plasticity Considerations 


A fundamental hypothesis of plasticity theory is that 
the stress intensity, o,, is a uniquely defined, single- 
valued function of the strain intensity, e;, for a given 
loading) 


For the 


material, when the stress intensity increases 
and is elastic when it decreases (unloading 
octahedral shear law, the stress and strain intensities 


can be defined as follows 


~~ 


With the assumption that the principal axes of 
stress and strain coincide, the secant modulus can be 
defined as 


E a;/e€; (3 


Furthermore, by use of deformation-type stress-strain 
laws together with the assumption of plastic isotropy 
and the idealization that Poisson's ratio is equal to 1/2 
for both the elastic and plastic region, the following sim 
plified two-dimensional stress-strain relations are ob 


tained: 
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ey (1/E,) [o, — (1/2)o;] (5) 
7 37/E, (6) 


Equilibrium Considerations 


Donnell’s equation’: ? for elastic buckling of thin-wall 
circular cylinders has been used with a considerable 
degree of success in elastic stability problems. Re- 
cently, Becker® has extended the Donnell type of equa- 
tion to thin shells of constant unequal radii and has 
demonstrated the simplicity of its use by obtaining a 
solution for elastic buckling of a sphere under external 
pressure. 

By employing the strain-displacement relations 
and force equilibrium equations of Donnell! in conjunc- 
tion with the equations derived by Stowell’ for the 
force and moment variations which arise during buck- 
ling, Gerard® derived a set of equilibrium differential 
equations for plastic buckling of cylinders. These 
equations were used to investigate compressive and 
Thus, the Don- 
nell-type equations have been used to investigate the 
elastic and plastic stability of cylinders and elastic 
In the following, a general set of 


torsional buckling of long cylinders. 


stability of spheres. 
equations for the plastic stability of thin shells of un- 
equal radii are derived. 

The middle-surface strain variations and curvature 
changes that occur during buckling of a shell with 
constant unequal radii are related to the displacements 


as follows: 


€ Ou/Ox + w/R, X1 0"w/Ox" 
€5 Ov/Oy + w/R, X2 *w/Oy" (7) 
es; = (1/2) [(Ou/Oy) + (Ov/Ox)] x3 O-w dxdy) 


These equations are the same as those used by Donnell, 
with the exception of the w/R, term in the « relation. 

The following simplified equilibrium equations as 
derived by Donnell neglect certain terms which are of 
small magnitude when the circular cross section of the 
shell is distorted during buckling. In cases in which 
the cross section retains its circular shape during buck- 
ling the neglected terms are generally of some impor- 
tance. 


(ON,’/Ox) + (ON;z,’/dy) = 0 (8) 


(ON,’/Oy) + (ONz,'/0x) = 0 (9) 


— (0°M,’/Ox?) — 2(0?M,,’, Oxdy) — (02.M/,’ dy?) + 
(N,"/R,) + (Ny!/Ry) + N,(*w/2x*) + 


2N,,(0°w/Oxdy) + N,(O°w/dy?) +p = 0 (10) 


In Eq. (10), the additional term V,’/R, accounts for the 
thin shell behavior. The remainder of the equation 


is that used by Donnell for cylinders. 


Inelastic Buckling Considerations 


From the standpoint of classical stability theory, the 
equilibrium differential equations are formulated on 
the basis that at the buckling load an exchange of stable 
equilibrium configuration occurs between the straight 


form and the slightly bent form. Since the load re- 
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mains constant during this exchange, a strain reversal 
must occur on the convex side, and, therefore, the 
buckling model leading to the reduced modulus concept 
for columns is correct within this framework. 
columns and plates invariably 


Practical contain 


initial imperfections and therefore axial loading an 


bending proceed simultaneously. Since in the presence 
of relatively large axial compressive stresses the bend- 
ing stresses are generally small, no strain reversal 
would be expected to occur, and the incremental bend 
ing stresses in the inelastic range are given by the 
tangent modulus model. However, the bent form js 
the only stable configuration in this case, and, there 
fore, use of equilibrium equations based on_ perfect 
columns, plates, or shells is clearly unjustified. 
Partially to remove difficulty, Stowell‘ has 
assumed that the straight form of the plate or column 
At buckling, infini- 


this 


is stable until buckling occurs. 
tesimal bending is assumed to proceed simultaneously 
with a corresponding infinitesimal increase in axial 
loading so that the plate is not subjected to a strain 
reversal and remains plastic. Again this model poses 
an essential difficulty, since classical stability theory is 
based on the assumption that the axial loading remains 
constant during the buckling process. Therefore, 
some justification is necessary in order to use equilib- 
rium equations based on constant external loads for 
plastic buckling problems in which the external load 
must increase slightly. 

It is assumed that in the buckling process the ex- 
ternal loads increase slightly. Denoting this increment 
by 6.V, the external loads are increased as follows 
N, + 6N,, Niy + 5Niy, N, 
terms containing a prime (’) in Eqs. (8) to (10) 


middle-surface force and bending moment variations 


+ 6N, and p + 6p. The 
are the 


arising from bending and twisting of the plate at buck 
ling. Therefore, the slight increase in external load 
represented by 6.V can have only a negligible influence 
upon the primed terms in Eqs. (8) and (10). 

In Eq. (10), the external loads .V,, .V,,, .V, and { 
If these loads are replaced by .V, + 6.V,,.. 
"w/Ox*) and 6p appear 


appear. 
pb + 6p, then terms such as 6.V,( 
which are clearly of higher order than those terms ap 
pearing in Eq. (10) and can be neglected. Thus, it 
appears permissible to conclude that the slight increas¢ 
in load required for the plate to remain plastic during 
buckling is compatible with the use of equilibrium 


equations based on classical stability concepts. 


Incremental Forces and Moments 


displacements vary 


The re- 


sulting strain variations arise partly from variations ol 


When buckling occurs, the 


slightly from their values before buckling. 


middle-surface strains and partly due to bending 
These resulting variations of stresses have 
Using the assumption 


strains. 
been considered by Stowell.‘ 
that no part of the plate is unloaded, Stowell has de- 
rived the variations of the moments during the buckling 
process. The variations of the middle-surface forces 
can be derived directly from this work. 
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i 
reversal Denoting the variations of the forces and moments A», Ap l — ao,o,/2 

es: by primes '), the following relations apply to fully 
re, the § , . . Az) A, Q0,;T 
concept F plastic plates during buckling. 

soa) . hie ym ag,T 
' \ BlAje, + (] 2) Ayes — (] 2) A 15€5 | (1] 
contain | : ; where a (3/c,7) (1 — E,/E 
ng and \ B| Aves + (1/2 Ane — (1/2 A», € (12 
satis The axial rigidity B LF t/3 18 
ace N.,’ = (B/2) [Ases — (1/2) Asies — (1/2) Asze2] (13 
e bend- The bending rigidity D E,t*/9 19 
reversal [ D | Na T (1/2 A 10x — (1/2 1, x (14 ; ; 
1 bend In the elastic region, a 0 and, therefore, A, 
il Dend- y, DIA> A -(2/2) 4 x1 — (1/2 A o2x (15 : 

a 422X2 a ad a “7 £228K8 A, A; Ap l, and Aj; A 0. By replacing 
by the es a a . 
form js D/2) [Asxs — (1/2) Asixr — the definitions of Eqs. (18) and (19) which are for a 
’ there. (1/2) Azox2] (16 fully plastic plate by B Et/A - » | and D 
perfect Et®/12(1 — y»,*), respectively, and replacing the co 

In Eqs. (11) to (16), €: and €, are middle-surface nor- efficient (1/2) by »,, Eqs. (11) to (16) reduce to the 
1+ has mal strain variations and e; is the middle-surface shear familiar relations for the elastic plate 

ie , strain variation; x; and x» are the changes in curvature 
column . : : 
infin; and y; is the change in twist. Furthermore, the plas- Equilibrium Equations 

ini- ee F : 
ticity coefficients are defined as follows: ; s eee . 
1eously By use of the force and moment variations, Eqs 
1 axial Ay 1 — ao,"/4 (17 (11) to (16), and the strain-displacement relations, 
strain | ; Eqs. (7), the equilibrium relations, Eqs. (8) to (10), 
419 = 8e ° . ‘ ° 
1 poses can be written in terms of the displacements u, 2, % 
Ory is As l— ar and their derivatives. 
emains 
‘retore, A,(0°u/Ox?) — (Aj3/2) (0?u/Oxdy) + (A3/4) (O°u/Oy?) — (Ai3/4) (O0°7/Ox?) + [(A12/2) + (As/4)] (07v/Ox0y 
quilib- A»: /4) (0?v/Ov?) + [(A1/Rz) + (Aw/2R,)] (Ow/Ox) — [(A13/4R,) + (A23/4R Ow /Ov 0 (20 
ids lor 
I load As(02/Ov?) — (Ao3/2) (07v/Oxdy) + (A3/4) (072/Ox?) — (Aj3/4) (07?/Ox?) + [(Ai2/2) + (As/4)] (O°u/OxOy 
Ao3/4) (07u/Ov?) + [(Ao/R,) + (Ai2/2R,)] (Ow/Oy) — |(A23/4R,) + (Ais/4R,) | (Ow/ON 0 2] 
he ex- D(A,(O4w/Ox*?) — Aj3(O4w/Ox*0v) + (Ai, + Az) (O*w/OX70y?) — Ao3(O*w/Oxdy*) + A2(O*w/Ov4 
rement B/R,) \A,{(Ou/Ox) + (w/R,)] + (Aj2/2) [(00/dv) + (w/R,)] — (Ais/4) [(Ou/Ov) + (07/Ox) ]j 
slows B/R,) \(Aj2/2) [(Ou/dx) + (w/R,)] + As[(Ov/Oy) + (w/R,)] — (Aos/4) [(Ou/dv) + (07/Ox) } j 
Phe N,(0°w/Ox?) + 2N,,(O°w/dxdy) + N,(2w/dv?) + p =O (22 
ure the 
eee Eqs. (20) to (22) constitute a basic set of equilibrium By inserting these values into Eqs. (20) to (22), the 

; “ | differential equations for plastic stability of thin shells. latter reduce to 
: su Because of the appearance of cross-product derivative 

1 *T ‘e ° . . . . 

— terms in these equations it is not possible to reduce, | O°u i Ou A, l\ 0O% 
itt Eq. (22) toa single eighth-order equation of the Donnell oat 1 dy? r 2 dxdy 
: type in w only. However, as will be shown subse 1, { a 

‘**' [ quently, it is possible to accomplish this desirable ob — +- ) 0 
ippear ; i? Py R 2R/ O 

jective in specific problems. 

scaly! p) 1 0% 1 1\ o%v 

us, it ; : . A, 4 4 n 
pea: SPHERE UNDER EXTERNAL PRESSURI I; ov 1 On ( 2) ) Ovdy 
luring For a sphere under external pressure, the following A, A Ou se 

g I I | 0) (25 
brium parameters are pertinent to Eq. (17 R 2R /} dy 
R R R Oru re) Oru | 
} D| A, ! 
7] o CO, PR 2 On O \ OV O J 
" 0 25 B 1 Ou Oi We | 
var} From Eq. (1 og o (4, tT ) T r 2 + T 
le re- . pin ; : R 2 On O} R | 
a lherefore, Qa (3/o7) 1 — E/E 
pns Ol O-w Oo :) ( 
, ; . — a oe ol + + Pp ) 

nding For this value of a, the plasticity coefficients are On rehy 

have 
ption Ay (1/4) + (8/4) E,/E | By suitable manipulation of Eqs. (25), they can be 

is de- A; put in the following form 

° ) 
okling A; I (74 
saad Ay = (3/2) (E,/E:) — 1 | Vin = —(3/2A,R) (E,/E,) [(0%w/Oa 
11; = Ass = 0 d%w /Oxdy 26 
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Vy = —(3/2AiR) (E,/E,) [(0°w/dy*) + 
(O*w/Ox*Oy (27 
V '1DAiV tw T atV -% cj (Eg ‘A, R? ww UO 28 


It can be noted that Eq. (28) is a Donnell-type 


equation in terms of the radial displacement, w, only. 


A suitable solution is 


w = W, SIN Mx sin my 29 
By substitution of Eq. (29) into Eq. (28) and mini- 
mizing the nontrivial solution in the form 0c0/0m 0, 
the following results are obtained: 
o 3 (1 — »*)]~-”? nE(t/R 30 
where 
v) [((1 — »,2)/(1 — v?)]? (B,/E) (E,/E P 6(31 
In obtaining Eq. (30), a value of D = Et’/12(1 — 1 


was used in place of the fully plastic value given by 
Eq. (19). It has been found that this method affords 
a reasonable approach for including Poisson ratio effects 
in the yield region where the transition from the elastic 
to plastic value is most pronounced. 

1 in Eq. (30), the familiar critical 
It is 


By taking 7 
stress equation for an elastic sphere is obtained. 
well known, however, that initial imperfections and 
large deflection effects are significant in this case. 
Therefore, it is suggested that the value of n given by 
Eq. (31), which is equivalent to that presented by Bij- 
laard,® be applied to a modified Eq. (30) which has a 
coefficient less than [3(1 — »v,*)]~'? and derived from 
large deflection theory. 


(82 + 1 3/4) [(E,/E,) — 1] 64 
k, T er 
p- wp) (8° -+- 
where k, ot L?/r*D 
8 =nL/rR 


Moderate Length Cylinders 
For cylinders of moderate length it can be assumed 

that 6° > 1, and, therefore, Eq. (38) reduces to the 

following: 

(3/4) (E,/E,)] + 

4) + (3/4)E, 


ky = B7[(1/4) + 
(12Z?/rp*) (E,/E,)/[ E,] (39) 
Upon minimizing, 0k,/08 = 0, and substituting for 8 


into Eq. (39), 


ky = 1.03882"? (E,/E,)'4 [(1/4) + (3/4) (E,/E,)]”? 


(40) 

In the elastic case E,/E, = 1, and therefore Eq. (40) 
becomes 

k, = 1.038 Z'/2 (41) 


It is interesting to note that Eq. (41) follows directly 


rah Ad, 
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CIRCULAR CYLINDER UNDER EXTERNAL LaterRy 


PRESSURI 


For a circular cylinder under external lateral pres. | 


' 


sure, the parameters pertinent to Eqs. (17) ar 


R igs es 

ao, = pR/t 

o.=7r=0 ) 
From Eq. (1 o; o | 
Therefore, a 3/e, l-E,/E 


lues 


The plasticity coefficients have the following \ 


A, | 1 l j 
113 in = © | 


9 


By inserting these values into Eqs. (20) to (23), and 
manipulating suitably, the following set of equations 


is obtained: 


Votu = l 2R) (O Ww Ox A, R Ow O O71 
Ve47 ~(1/R) (442 — 3/2) (O'w/dx°dy 
1,/R) (0*w/O } 
[DVi4 + o,f + (07/dy?) |V2! w 4 
E,t/R:° O*w/ Ox? U yf 
where V;? Vi-+ (3/4) [((£,/E,) — 1] (04/0 
Vet = Vit + 3[(E,/E,) — 1] (04/dx°dy 


A suitable solution to Eq. (36) which satisfies the 
boundary conditions of simple support is 


9- 


sin (rx/L) sin (ny/R 31 


op) op 
[ee Amr 


Upon substituting the appropriate derivatives of Eq 
(37) into Eq. (36), the nontrivial solution is obtained 


12Z7*E../E. 
2+ 3[((£,/E,) — 1]6? + (3/4) [(£,/E,) — 1]84; 
obtained 


from the assumption that 6° > 1. Batdorf 


the same result by fitting a curve to the results of his 
calculations and found that it applied in the range 


100t/R < (L/R)? < 5R/t. 


In an alternate form, Eq. (41) becomes 


Cyer = 0.855 [n,E/(1 — v,7)*/4] G/L) (@¢/R)”? (2 
where 
nm = [(1 — p,7)/11 — v*)]’* (2,/B) (£,/E£,)"* X 
[(1/4) + (3/4) (E,/E,)] 43 
Long Cylinders 
Cylinders which are long, (L/R)*? > 5R/t, buckle 


with two circumferential waves. Therefore, 8 = 


2L/rR > 1, and Eq. (38) reduces simply to 
k, = (4L2/2#°R?) [(1 


or o, = [n,E/3(01 — rv’? 
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PLASTIC SITASILITY fee 
TABLE 
Plasticity Reduction | 
Cy ier 1 compresslol 1 Sphere exte 
Cy s 
X pres re 
where 
/ E l | 
3/4) (E,/T 16 

Eq. (46) is a result equivalent to that presented by 
Bijlaard The only case of those investigated by 
Batdorf? that results 1n an error due to the basic assump 
tions of the Donnell equations is the long cylinder under 
external pressure. Here ?, and since the equa 
tions are based upon the assumption that n* > 1, this 
result is not unexpected. More exact solutions of 
elastic buckling of long cylinders under lateral pressure 
indicate that the coefficient 3 in Eq. (45) should be re- 
placed by 4, as discussed in reference 2. 

CIRCULAR CYLINDER UNDER TORSION 
For a circular cylinder under torsion, the following 
parameters are pertinent to Eqs. (17 
R Ry & | 
7 o 0 7 
. 1 9\1 ‘ 
From Eq. (1), @ (3) 27 
Therefore, a r(1 —E,/E 
The plasticity coefficients have the following values 
A, A» - A 2 l) 
A; E/E, 1S 
113 = An = 0 \ 

By inserting these values into Eqs. (20) to (23 
and manipulating suitably, the following set of equa- 
tions is obtained 
Voru —(1/2R) (0°w/dx*) + (1/R w/Oxdy") (49 
Vo% -(1/R) [(3/As) — (1/2)] X 

(0°w/Ox*0v) — (1/R) (0%w/Oy (50 
DV ;* + 2rt (0°/dIxdy) |Votw + 
(E,t/R*) (04*w/ox* 0 (51 
where V;4 = V4 — (1 — E,/E,) (04/0x°dy? 
V;' Vi + 3(E£,/E,) [1 — (E,/E,)] (04/0x70y? 


Long Cylinders 


A long 
buckles two 
boundary conditions are insignificant for a long cylin 


10R/t, 
the 


cylinder under torsion, (L/R)? > 


in circumferential waves. Since 


ILiIN SHEI 


| 
AR AS 


solution to Eq. (51) is satisfactory 


L) + (2y/R 


Sin [WA 


Upon substituting the appropriate derivatives of 
Eq. (52) into Eq. (51), the following nontrivial solution 
is obtained 

D{(3° + 4 - 4 - £,/£,)6 
1R°t 3 
I: ) - 
> 
1} (3 1 LQ(E,/L E.,/E 
where 8 mrR,/ 1 


For a long cylinder, the angle between the generator 
and the helical buckle pattern is small 


3° < 1, and Eq. (53) can be reduced to 


Consequently, 


T 1D/R°*t8) + E,(8/4 4 

Upon minimization of Eq. (54), 07/03 0, and sub 
stituting for @, 

T 0.272 (1 —-— yp i'n. E (t/R 55 

where Ns l-—vp l—». ‘(E/E 56 

For 7 1, Eq. (55) is the well-known elastic solu 


tion for torsional buckling of a cylinder. The plas- 


ticity reduction factor given by Eq. (56) was previ 


ously obtained in reference 5 by solving Eqs. (20) to 
(22) directly for this case. 
Moderate Length Cylinders 

For cylinders of moderate length, Eq. (52) is not 


satisfactory, since the boundary conditions are not 
satisfied. Elastic solutions for torsional buckling of 
moderate-length cylinders indicate that the buckling 
stress with clamped edges is a constant 10 per cent 
higher than for simply supported edges. Thus, in 
reference 7 it that an approximate 


solution would satisfy the single boundary condition 


was suggested 


w = 0 but not necessarily any boundary conditions 


on the slope Ow /On = 0 (clamping) or moment O*w/On? 
0 (simple support 
in buckling stress between the simply supported and 


because of the small difference 


clamped edge solutions for elastic cylinders. 
In reference 8, the following solution was used for an 
elastic cylinder of moderate length, and excellent agree 
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ment was obtained with the simply supported cylinder 
solution of Batdorf.* 


w Wm) 


sin [(max/L) + (ny/R)] — 
sin | [(m + 2)ax/L] + (nmy/R)j) (57) 
Note that Eq. (57 
Eq. (52) and satisfies the boundary condition w 0 
atx = 0: 2. 
By substituting the appropriate derivatives of Eq. 


is a sum of solutions of the type of 


(57) into Eq. (51), and utilizing the assumptions that 
3,° < 1 and B." < 1 as shown in reference 8, the follow- 


ing is obtained: 


T [D(n/R)?/t(6, + Be)] + 


[F.(813 + Bot) /2R?(n/R)?(8; + B2)] (58) 
where 3; mrR/nL 


Bo (m + 2) rR/nL 


Upon minimization of Eq. (58) in the form 0r/Om 
0, O7/On 
in the form 


0, the critical shear stress can be obtained 


FICAL SCIENCES 


APRit, £997 


fitting. The moderate-length cylinder range in this A 
case is defined by 501/R < (L/R)? < 10R/t. . 


CONCLUSION 


The plasticity reducticn factors obtained herein, 
well as that obtained in reference 5 for a circular ey). 
inder under axial compression, are summarized j 


Table 1 for convenience. 
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A Method for Examination of Store Separation 
From Aircraft Through Dynamic Model 


Testing at Full-Scale Mach Number' 


SEYMOUR J. DEITCHMAN* 


Cornell Aeronautical Laboratory, 


SUMMARY 


study of the motion of stores after launch or 


The need for 
ttison fron high speed aircraft has led the designer 
it full-scale Mach Numbers as 


\ccordingly, it has been found useful to 


to resort 


ic model testing i direct 


il technique 


formulate a set of similarity laws for such testing for the cases 
ost commonly encountered—i.e., freely falling bodies and fin 
spin stabilized powered projectiles. Consideration has also 


n to obtaining model to full-scale similarity of the jet 
projectile, for study of its effect on the launching 


of a powered 


Requirements for simulation of the effects of fuel in 


cral 
full or partially full tank have been examined qualitatively 
Some simulation errors that may be encountered have been 
imined and evaluated 
SYMBOLS 
= cross-section area 
= maximum diameter 
= body axes; a right-hand system, positive with 
v forward, which pitches and yaws but does 
not roll with the body 
ve = forces along and moments about, respectively, 
the corresponding axes 
( ( ( . —— 
CC = corresponding aerodynamic coefficients 
peg SD moments of inertia about the subscript axes 
= length 
nondimensional length 
= Mach Number 
mass; mass flow of exhaust gases 
= static pressure 
body radius 
= thrust; jet absolute temperature 
= time 
ulr-stream velocity 
initial air-stream velocity 
| = volume; velocity 
| J perturbation velocities along the subscript axes 
y aerodynamic angles of attack and yaw, respec 
tively ; defined in the text 
I = circulation 
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Orr 
“i 


Tne. 


g nt 
gas constan 


damping factor 
\ = scale factor; refers to length without subscript 
number 


= air-stream or exhaust gas density 


a = body densit 

© = spin of the body about its iXis in th 
system 

y, 0 = rotations of xX, Vv, ixes relative to referenct 
Y,, }., Z, axes fixed in the launching air 
plane, taken in the order shown (¥ rota 
tion about Z,; 6 rotation about 

a2 = ratio of full-scale to model stream velocity 
‘ ] 

We, Wy, Ww = angular velocities about the subscript axes 


Subscripts 
= surrounding air stream 
= jet 
= full scale 

lf = Magnus force 


model 
INTRODUCTION 
A" PRESENT-DAY military aircraft are required to 
jettison or launch stores of various types—fuel 
tanks, High 


tional speeds lead to special problems in predicting 


bombs, rockets, missiles, etc. opera 
and analyzing the behavior of these stores immediatel 
after launch or jettison, because the presence of the 
aircraft distorts the flow over the stores and induces on 
them interference air loads that are large relative to their 
mass and inertia. The induced initial motions may 
cause the stores to endanger the aircraft or suffer serious 
degradation of required ballistic properties. In seek 
ing solutions to these problems the designer has turned 
This 
wind-tunnel, high-speed sled, or reduced scale free 


to dynamic model testing. testing may use 


flight techniques; in any case, the tests have the fol 


lowing characteristics in common a) reduced scale 
models of the stores are dropped or launched from 
exactly or partially simulated models of the aircraft; 
(b) the 


sidered 


model stores must exhibit motion that is con 
similar, by some applicable similarity criteria, 
to the full-scale motion; and (c) because of the high 
air speeds involved, model and full-scale Mach Num 
bers must be equal. 

These characteristics lead to the requirement that 
in addition to geometric scale reduction, the proper- 
ties of the air stream, and store mass and inertia, must 
be reduced in such a way that motion similarity is 


maintained as defined. Such scale reduction criteria 
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aé 


have been derived in the past for specific cases of in- 
terest—e.g., references 1 and 2.* It appears that a set 
of similarity laws applying to most configurations 
encountered in practice can serve a useful purpose by 
collecting some scattered results and examining the 
similarities and differences for various cases. Con- 
sequently, similarity criteria are defined herein, and 
similarity laws for examination of store separation from 
aircraft through dynamic model testing are derived 
for several types of stores. 

Specifically, free-fall and powered model testing are 
The first category includes bombs and 
either 


considered. 
tanks, and the second, rockets and missiles 
fin or spin stabilized. The general equations of motion 
are modified for each category to permit derivation of 
the scale reduction criteria required for the particular 
definition of motion similarity. Some discussion of 
simulation errors and their consequence is also given. 
The magnitude of the errors, which will define the 
regions of validity of the similarity laws, is indicated. 


GENERAL APPROACH 


The six degree of freedom equations of motion for an 
axisymmetric body in a modified body axis system that 
does not roll, but within which the body may roll about 


its axis, are 


V, = (X/m) — gsin6+ V,, — Vw, 
V, = (Y/m) — V., tan 0 — V,w,; 
V. = (Z/m) + gcos6+ Vw, + 
Vio, tanéd} (1) 
a = LT, 
w = (M/I,) — ow,’ tan 6 — (J,/1,)w,w, 
w, = (N/I,) + w,w, tan 6+ (,/,)w,w, | 


Aerodynamic forces and moments are expressed in the 
standard coefficient form, and the aerodynamic angles 


of attack and yaw are® 


U, cos y sin@ + V, ) 
tan a, = z : | 
Up cos y cos 6 + V;z } (2) 
sin y, (Uysiny — V,)/U ) 
These angles can be approximated by 
a, = (6+ (V./U)]/[1 + (V./Ud)] 
(5) 


and these approximate expressions will be acceptable 
for even moderately large values of 6 and y (up to 20 
or 30 degrees) and V/U (up to about 0.3). 

The similarity laws in a particular case will be de- 
rived by specifying the similarity criteria; simplifying 
the equations of motion in keeping with those criteria 
and the characteristics of the stores being considered; 
assuming certain scale transformations that will be 


* Most of the aircraft companies, and many agencies such as 
the NACA, have analyzed various aspects of the problem. 
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required; and determining all of these transformations 
in terms of the scale factor of length alone. This 
procedure will be illustrated for the case of a free-fa]] 
body, and the derivation of similarity laws for powered 
projectiles follows the same scheme. 

Certain assumptions are made in deriving the sinj. 
larity laws. Because of the powerful influence of Mach 
Number on aerodynamic characteristics, it 1s assumed 
that the model tests must be performed at the full-scale 
Mach Number. The need for duplicating the effects 
of Reynolds Number is not unique to this problem, and 
in many cases of model testing it is found that the 
Reynolds Number resulting from the test conditions 
and apparatus can be accepted. In cases where Reyn- 
olds Number effects are expected to be 
some experimental accounting for these effects can 
be made, in either static or dynamic test situations 
by such methods as the use of roughness strips t 


significant 


» CAUSE 


boundary-layer transition. Therefore, no Reynolds 
Number effects are considered herein. 

Since the model tests are performed at the full-scak 
Mach 


coefficients are 


Number, model and full-scale aerodynamic 


considered equal. This assumption 
remains valid in the practical case as long as errors of 
angle of attack and yaw that may result from applica- 
tion of the similarity laws derived do not lead to co- 
efficient errors of larger order than the accuracy with 
which the coefficients are known. For the initial 
formulation of the similarity laws damping forces are 
neglected, since in general they are much smaller than 
static forces. The effects of the scale transformations 
on damping are then considered for simplified one de- 
gree of freedom motions. 

The application of constant forces throughout the 
trajectory to produce vertical acceleration simulating a 
scaled effect of gravity, without introducing extraneous 
effects in other directions, is considered a practical im- 
» transformations of the ac- 


possibility. Therefore, n 


celeration of gravity are permitted. 


FREE-FALL BODIES 

Bombs 

Freely falling bodies are characterized, near the start 
of fall, by velocities V,, V,, V, that are small relative 
to l>. Therefore, aerodynamic coefficients may be 
based on Ul only, and velocity errors will not lead to 
initially large errors in a, and y,. The motion sim- 
larity criteria will therefore be based on attitude and 
position only. 


L,=1 


/ 


(y, 6, ); (y, 6, od) 


Now assume the scale transformations 


ly = rI,, ) 

brs = Xatm 

My = Agm, > 5 
Tre = Nalin 

(pU0") ss = As(pU0") m 


EXAMINATION OF STORE 


sfc IT mations 
This 


Faf ree-fal] 


lone WM aoV 


— where o is the body density and V is the body volume, 
Or Powered § W : : . 
! ed , 
nediately, 


so that, 1m1 


g the simi. nN N3(a4/Om) 6) 

ce of Mach 

; ind, similarly, 

IS assumed - : 

e full-scale Ns h*(o7./ Om) i) 

the effects Z ' ae » . . 1 
Now solve the first of Eqs. (1) for Cx, equate Cx,, and 


»blem, and 
1 that the 


conditions 


Cy uid substitute scale transformations (5) into the 
) side of the equation representing Cy, 


lere Reyn- V7 Vw. + Viw,)m + g sin 6] X 
ignificant [tm/(1/2) (pUo7)mA 
tect ‘an : , ee ; 
Rein: | V0. + V.w,)m A/A2? + g sin @] X 
Situations 
\ 0 o 1 \ l ?)Xr pl nN A ‘) 
S to cause 
Re¢ ynolds By iInspe ction ot the two sides of Eq. Ss) 
4 N(o7s/Om)/rs l A?(o7¢/ Om), AsA2™ | 
full-scale 
odynamic whence 
sumption 
: nN VA 9) 
> errors of ™ 
1 applica- Ng Naor / Om) (10) 
ad to co- ; : ; 
. Eqs. (6), (7), (9), and (10), when substituted into any 
racy with a , : 
| of Eqs. (1), with equal full-scale and model aerodynamic 


he initial 


(4). Sum 


therefore, the following conditions must be 


coefficients, will satisfy similarity criteria 
orces are | ; ; : 

marizing, 
uler than | : : hg Sp ke 
obtained for trajectory position and attitude similarity 
yrmations i _ = : : 
of free-fall models to the full-scale objects: 


1 one de- 
A 
hout the ~ 
i }} }} A oO a 
ulating a 11) 
‘traneous | L y5/T N°( ays, Fm) 
‘tical im- pl pUo?)m = A(o;,/¢ 
f the ac- 
giving (since / V Nin) 
L,/l Y, 0, db) (W, 0, ¢@ 
Ve. 4 (oem | ime aS Vr 
Gd). ) ¢ ¢ wd.) l Vv \ 12) 
» st ale. ee Tt Omen 
the onal V.. | | V.. V,. | ; | 
relative 
Ww Ww Ww WwW Ww Ww.) l \ 
may be 
lead to It will be observed that, while trajectory similarity 
on simi- exists, according to the present definition, the model 


ude and nd full-scale linear velocity perturbations and angular 


velocities differ by a factor ~/\ or 1/V/X, respectively. 
Whether this makes a significant difference in simula- 
was 


the condition on (pl’y”) 


or both. Ordinarily, at 


| tion depends on whether 


fulfilled by reducing p, or l 
} subsonic or low supersonic Mach Numbers in the wind 
, it will be necessary to keep Uo, AU 
maintain 1, Mo, At high supersonic 
1, it may be that Up, < U 


5 of these differences can be examined through some fur- 


and re- 
uce p to 
speec The consequences 
ther simple analyses. 

Conditions (11) were derived with damping forces 


SE 


P 
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the aerodynanuc 


damping moments are the only ones of consequence, 


neglected. Since pitch (or yaw 


consider the effect of conditions (11) on them through 
the single degree of freedom case of pitch only, with 
9 = 


a,. Let the equation of motion for free oscillation 

be 
6+ 1/6 6 1169 0 
Define \/¢ by 
1/6 [A 77(1/2)pUd*/T, | 14) 
where 
Ky damping moment/pUd‘6 

and Ay, Kum since Ky can be shown to depend 


on geometry only, within the limits of Mach Number 
and Reynolds Number requirements discussed previ- 
ously. 

ditions, 


Phen, substituting the similarity con 


\l6 1/Q)\%6 1d 
where Q Usy;,/ 
and, similarly, 
Vo 1 ‘A) MWe 1 
where 
Vo dC» /d6 2) pU*Ad/T, | 17 
Now, from the solution of Eq. (13), for critical damp 
ing, 
V (1/6)? — 4.116 0 IS 
and since the damping factor is given by 
¢ Vo (16 19 
substituting Eqs. (15) and (16) in Eqs. (18) and (19 
vields 
G se/§ VA/Q 20 
The ratio of successive amplitudes is given by 


Hh. Ay r 


where, for small damping, 


20), 


so that, from Eq. 


91 
| 


Thus, for 2 V/\ the damping rate will be simulated 


usual case in sub 


exactly, while as 2 — 1 (the more 
sonic wind-tunnel testing) the model will be more 
lightly damped than the full-scale body. Fig. 1 shows 


how large this damping error will be for some typical 
f 0.01 is reason 


values of f and Q/V/r. A value of ¢ « 


¢ 


ably typical of many stores. If major interest centers 


on the motion immediately after release (say, the first 
half oscillation) damping rate errors of the magnitude 
shown will probably not be important. 


Having 2/+/X = 1 also leads to erroneous angles of 
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Fic. 1. Free-fall model damping rate error 

attack and yaw. For example, applying the appro- 

priate part of Eqs. (12) to the first of Eqs. (3) will give 
6+ (V2/ Uo) p(2/ VX) 

um = SErEa? (22) 
lL + (Vz/U 0) sz. (2/V 2d) 

whence the ratio @,,,/a@,,s, can be determined for various 

values of 2/+/X. This ratio is shown plotted in Fig. 2 

for typical values of (I’,/l), and (V,/Uo),. The 

smaller values of the latter correspond to the free-fall 


body, while larger values correspond to powered pro- 
jectiles (see below). Fig. 2 shows that, for smaller 
ratios of )’/ Uy, such as those experienced by a free-fall 
body near the launching aircraft, and large pitch 
angles (@), the @ error is never larger than about 10 
per cent. The error will be relatively smaller when 
the store is more highly disturbed, and that case is of 
greater importance to the experimenter. 

Again, the error will be reduced as 2 ~> +/X, but this 
may not be practicable at any but high supersonic or 
very low Mach Numbers. If the air speed is so low 
that Mach Number effect is of no consequence, then 








adjustment of UU? such that 2/+/X = 1 is possible, 
— V Vv 
| inks. {— 03, +0; 0=ANy vacue ) 
1.2 + + + Uo Uo 7 7 
Ts. 
pe 
} + ——— 4 
sa 
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I ==> 
Gum jp t= 0.1 — f———eide— 
Guts = 03. Pld 
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Fic. 2. Free-fall model angle of attack error. 
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thereby eliminating the errors in damping rate and 
angles of attack and sideslip. 


Fuel Tanks 


The preceding formulation of similarity laws for 
freely falling bodies applies equally well to heavy bodies 
such as bombs or light ones such as empty fuel tanks wl 
It may be desired, however, to perform model jettiso; ell 
tests on full or partially full fuel tanks. The theoretical is 
problem of defining the motion of such a tank 1s diff 
cult, and has not been completely solved.*)*> It may 
be possible, however, to examine simulation requir 
ments from some highly simplified considerations. It | 
is assumed that mass will be scaled according to E 
(11). 

Consider, first, a stable configuration. It is show 
in reference 5 that, for pitch oscillations of ‘‘a fey 
degrees,’ appreciable damping due to the fuel occurs 
only during steady forced oscillations, but does not 
appear immediately after application of a step functior 


to start oscillations. Since the latter motion corr Fr 
sponds more to the motion after release, it is implied th 
that only inertia (and mass) considerations are im Di 
portant. 

The effective fuel inertia is shown® to be related t 
the ‘‘solid’’ inertia about the fuel centroid, for an ellip ef 


soid of revolution, by 


i ) 
L}y 


1 | [(a h)? T 2) 


| —_ = d i [(a b) 


where (a/b) is the ratio of radii of the ellipse. It is als 
shown experimentally that this relationship is sub 
stantially independent of the amount of fuel in the tank Fi 
(from full to 10 per cent full); and that viscosity has 


no effect on the tank motion, within the viscosity range 




















of aircraft fuels. Thus, Eq. (23) shows that the : 
inertia requirement will be, as for a solid store, /,,, 
Tepe = Noy.’ Om, and the model geometry will simply a 
be scaled directly. ne 
To examine inertia simulation requirements for an 
unstable partially full tank, consider the tank to be a 
right circular cylinder in either horizontal or vertical 
positions (see Fig. 3). Then in the horizontal post 
EMPTY TANK C.G. 
aa. S SA ae FUEL SURFACE 
ch’ 
\FUEL CENTROID ef 


--EMPTY TANK C.G. 


L-FUEL SURFACE 
Pd 


Qy L-FUEL CENTROID 











Fic. 3. Model for a partially filled, tumbling fuel tank 
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Less + 
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EXAAMINATION OF STORE SE 

i = 2 + mya,” + T,,, 24) 
nd in the vertical position 

I, = Teg. + mya,” + Tezy 25) 


where J, or 7, are total moments of inertia about the 
empty tank c.g. in the horizontal or vertical positions, 
respectively ; / is the moment of inertia of the empty 
tank: m,is mass of fuel; a, and a, are defined in Fig. 3; 
ind J,,7, or Lesy 
shown in reference 5 to be nearly true for a cylindrical 
tank 

After initial tipoff the unstable tank will diverge in 


are represented by Eq. (23) which is 


pitch and tumble, so that it is a reasonable assumption 
that the actual moment of inertia oscillates harmoni 
cally between Eqs. (24) and (25), where for a long tank 
>/ 

2) (1 + sin at 26) 


T=),+ C7 


From Eqs. (9) and (12), (sin wf),,/ (sin wf), |, and all 


the full-scale and model inertia terms will be related 
by A° o7s5/ On 

rhis highly simplified qualitative analysis did not 
include the effects of wave motion in the fluid, phase 
effects due to distortion of the fuel volume during vio- 
Yet it clearly implies that the simi- 


as before. 


lent motion, ete. 
larity laws derived for solid freely falling bodies [Eqs. 
| may apply to tanks with liquid as well. 


POWERED PROJECTILES 


Fin Stabilized Projectiles 


Fig. 2 shows that for larger values of |’, 1’) the error 
between model and full-scale angle of attack becomes 
juite large at small scale and Q2 = 1. It will therefore 
be required that angle of attack and yaw similarity be 
obtained (through velocity simulation) in addition to 


position similarity. 


Since powered projectiles have comparatively large 
forward acceleration (20 to 50 g or more full-scale) the 
effect of gravity for the initial part of such a trajectory 


is negligible, and the g terms of Eqs. (1) can be neg- 


lected. The foree XY now contains a thrust term, 7) 
and aerodynamic coefficients will be based on actual 
lorward velocity, approximated by ly + I, = Uy(1 + 
0). 
Let the scale transformations be 
/ = Al, 
t = Act, 
My = AIMy (28) 
Tn = del, 
Ty, = Aol ny 
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Operating with these transformations on Eqs. (1), as 
for the bomb case, leads to the following similarity 


laws for fin-stabilized powered pr jectiles 


=A 
My. A\3(a,/ 0, 
Pe & N’(o7./ 0 29 
/ f / . a pl f pl’ 
Ore/Tm) \Pm/ Pre) l 
viving {since f A/Q)t» | 


7 \ 30) 
Vis Vev.4 Q 
Ve, Vy, Ve) N 
WwW Ww WwW.) 2 
Ww wW,, W \ 


simular man 


Examining the pitch damping case in ¢ 
ner to that used for bombs yields for the ratio of suc 
cessive amplitudes in pitch (or yaw 


Bs 01) ¢./ (0201) ] 31) 


Thus, the similarity laws of Eqs. (29) permit motion 
the 
sumptions, including damping effects. 
from Eqs. (29), to reduce thrust to manageable values 


f the present as- 


simulation within limitations ¢ 


It is possible, 


by reducing the dynamic pressure of the tests (desir 
able for wind-tunnel testing). However, the last of 
requirements (29) necessitates a corresponding reduc 
tion of model density. This is unlike the case of bombs, 
where an increase of model density is desirable to avoid 
unattainably low dynamic pressures for high-altitude 


simulation. 


Spin-Stabilized Projectiles 


As for the fin-stabilized projectile, the g terms in 
Eqs. (1) can be neglected. The major part of the sta- 
bility comes from the terms (/, /,)w,w, and (J, /,)@,wy, 
where w, is given by 


@ — w, tan dé 32) 


and ¢ is the spin of the projectile about its axis of sym- 
metry. Now, the similarity criteria for the fin-stab1- 
lized projectiles will hold here and the similarity laws 
and motion similarity of Eqs. (29) and (30) will be true 
for thiscase. Thus it will be required, for correct model 
stability, that 


= 2/Xr 


However, the Magnus forces and moments may be 
large, and, if so, they must also be correctly scaled. 
The Magnus forces will be given by 
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2SD 
Zu = pV,T 


Yy = —pVT 


and they will act at centers of pressure determined by 
the projectile geometry. If ¢ in Eq. (32) is very large, 
then the term w, tan 6 can be neglected. 
projectile to be a long right circular cylinder of radius 


Assuming the 


r, and neglecting the end shapes, Eqs. (34) become 


Zu = 2rpV,r°o | 


(35) 
Vy = —2rpV.r'*d 
or, in coefficient form, 
Cau tr(V,/Uo)r°b/ Uo{1 + (V2/ Uo) ]?A 
(36) 
Cyy = —{4x(V./Up)r°b/Uo[1 + (Vr/U) JA | 


(Cys) m leads 
or 2 = X. 


Letting (Czy) 5 (Czsy)m and (Cyy)s. = 
to the requirements that either ¢,, = ¢, 


The first of these requirements is incompatible with 


Eq. (33), and the second is probably impossible to ob- 
tain for any substantially reduced scale unless Mach 
Number effects are neglected. 

Thus it does not appear possible to use models to 
simulate the motion of spin-stabilized projectiles unless 
either Mach Number or Magnus force effects can be 
neglected. 

Jet Similarity 

It is shown in reference 6 that the angle of spread of 
a supersonic jet depends on the ratio between average 
jet and free-stream Mach Numbers, /),,./ Marg. Thus, 
for geometric similarity of model and full-scale jets, it 


will be required that 
(37) 


Thrust is given by 
T = mV, + Aj(p; — pa) = 
A ;[p;Vi + (p; — pa)] (38) 
and combining the thrust requirement of Eq. (29) with 
Eq. (37) and q = (y/2)paM", 
Pass “a Pits 
Pam P im 


Eqs. (37) and (39) together constitute the conditions 
for combined jet and thrust (motion) similarity in 


(pU 9), 
me oe (39) 


7 (pl ly”) 


model testing. 

It is implied that V;,, = Vj, and Ty,, = T jm, in view 
of Eqs. (38), (39), and V; = M,Wyp/p. Since the 
model and full-scale jets are geometrically similar and 
have the same Mach Number, the pressure and tem- 
perature distributions in the model jet, with starting 
values given above, will also be scaled geometrically, 


s| 
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and will act on a particular part of the launching air. 
craft model for a time /, tr, Q/X. Further, sine, i 
from Eqs. (37) and (3S : 
Mys/M pu") p./(pUo" 


and from Eq. (39) the stream flow past a given mode! 
cross-section area will be reduced identically, the rat; 
of exhaust gas to stream air in any local nondimensiona] 
volume near the model will duplicate the full-s 
ratio. 

It should be noted that the design of a model motor 
to give the desired thrust may call for a nozzle desig; 
and chamber pressure that preclude simultaneous fyl- 
fillment of the conditions for thrust and jet similarity 


A; 
CONCLUDING REMARKS 

Motion similarity between model and full-scale stores 
at full-scale Mach Numbers has been defined and the 
similarity laws have been formulated for freely falling 
bodies and fin- or spin-stabilized powered projectiles 
near a launching aircraft. Certain simulation errors 
have been examined and evaluated. It has _ been 
found that testing models of freely falling bodies at 
full-scale Mach Numbers will probably lead to errors 
in damping rate and aerodynamic angles of attack and 
yaw, which can be kept under 10 per cent in most test 
situations. Simulation of the motion of powered pro- | 
jectiles without attitude or damping errors is possible if | 
forward acceleration is large with respect to gravity 
The motion of spin-stabilized powered projectiles can 
be simulated only if either Mach Number or Magnus 
force effects can be neglected. 

It has also been found that in addition to motion 
simulation the jet effects of powered pr »jectiles can be 
simulated, for study of their effect on the launching air- | 
craft. Qualitative examination of the requirements | 
for reproducing at reduced scale the motion of a tank 
with fuel after release indicates that the similarity laws 
derived for a solid free-fall body will apply. 
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_ A Comparison of the Calculated and Observed 


Flutter Characteristics of a Helicopter Rotor 
Blade’ 


LEONARD GOLAND* ann ABRAHAM A. PERLMUTTER** 


Princeton Unwersity 


SUMMARY 


The results of a series of rotor blade flutter tests! in hovering 


flight are compare d with corresponding values predicted by analy- 
The rotor tested possessed nonuniform flexible blades as 
flexibility in the blade pitch-control system. The pre- 


| values are based on a Rayleigh-type analysis quite similar 
that developed for fixed-wing flutter predictions with, however, 
iditional effects due to the rotation of the blades taken into 


While only a limited amount of experimental data is available, 
ber of interesting observations are made regarding the ac- 

f the theoretical calculations. Considering the nature 

f the phenomenon and the simplifying assumptions made, the 
Its show that the calculated values compare favorably with 
est data For the rotor tested, the effects of unsteady aero 
ics are found to have a major influence on the flutter speed 


nd frequency. 
(1) SyMBOoLS 
lo, ete = coefficients of the flapping equation 
= distance of elastic axis from mid-chord in 
per cent semichord, positive toward trail- 
ing edge 
= two-dimensional lift curve slope, per rad 
3», etc = coefficients of the pitching equation 
= semichord, = ¢/2 
= chord, ft. 
C(h = F + iG, Theodorsen’s coefficient 
I = real part of C(k) 
= coefficient of structural damping 
= imaginary part of C(k) 
= torsional stiffness, lbs.-ft.? 
Ls = mass moment of inertia about blade flapping 
axis, slug-ft.? 
I = mass moment of inertia about the elastic 
axis of the blade, slug-ft.2 = 
© 
| (y? + 2?)dm 
I = mass moment of inertia about the elastic 


axis per unit span, slug-ft. 
reduced frequency, wb/V 
Kg = control stiffness, ft.-lbs. /rad 
[ = lift per unit span, Ibs. /ft. 
= stalling moment per unit span, ft.-Ibs./ft 
" = mass per unit span at section r, slug/ft. 
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Q3, Qe = generalized force in flapping and _torsio1 
respectively, ft.-lbs 

O’ . O's = generalized forces per unit span, ft.-lbs. /ft 

Y pg, Ose, ete. = coefficients of the generalized forces in flap 
ping and torsion 

i % 8 = rotating coordinate system, with origin at 


center of rotation (see Fig. 1 


R = radius of the blade, ft 
Se = Southwell coefficient 
t = time, sec 
7 = kinetic energy, ft.-lbs 
= potential energy, ft.-lbs 
J = forward velocity of airfoil, ft. /sec 
1, Vi, 2 = fixed coordinate system with origin at the 


center of rotation (see Fig. 1 
5 Ha = r/R,r;/R, nondimensional spanwise distance 
¥ = distance of section center of gravity from the 
1/4 chord position, ft 
y = distance of section shear center from the 


1/4 chord position, ft 


3 = flapping angle, rad 

A = pitch angle, rad 

Bo, 9 = equilibrium angles, rad 

8,0 = changes from equilibrium position, rad 

6, = torsional deflection of blade tip, rad 

Pp = first torsional mode shape 

Q = angular velocity of the blade, rad./se« 

V = azimuth angle = 2, rad. (see Fig. 1 

p = air density, slugs/ft 

Mm = V/QOR, tip-speed ratio 

Q = rotor rotational speed at flutter, rad. /se« 

Wj = flutter frequency, rad /sec 

Wy = fundamental torsional frequency of the non 
rotating blade, rad. /sec 

we = fundamental torsional frequency of the ro 
tating blade, rad./sec. 

€ = distance between the a.c. and the 1/4 c¢ in per 


cent chord, positive toward the leading 


edge 


(2) INTRODUCTION 


ee IN THE DESIGN and operation of heli- 
copter rotor blades has indicated a need for a reli- 
able analytical method for the prediction of classical- 
type rotor blade flutter. Consequently, to aid the 
designer concerned with this type of instability, a prac- 
tical method for the prediction of rotor blade flutter is 
presented herein. The method is based on a Rayleigh- 
type analysis and is similar to that developed for fixed- 
wing flutter predictions with, however, certain effects 
due to the rotation of the blades taken into account. 
Unsteady aerodynamics is considered and, in fact, is 
found to have a major influence on the calculated flutter 


speeds. While this method is based upon a conven- 
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tional approach, a number of assumptions had to be 
made due to lack of an adequate aerodynamic theory 
and to simplify the analysis so as to result in a method 
that could be effectively used. 

Recently, the NACA! released the results of a series 
of flutter tests on a thirteen-ft. diameter, two-bladed 
helicopter rotor. The rotor, being of practical design, 
possessed blade pitch-control system flexibility as well 
as significant blade flexibility. The blades had rather 
large spanwise variations of mass, inertia, and struc- 
tural characteristics. To check the accuracy of the 
analytical method, the predicted flutter characteristics 
are accordingly compared to those presented in ret- 
erence 1. In that reference, tests are described at zero 
initial collective pitch angle for both the hovering and 
forward flight conditions. The results of the investiga- 
tion showed, “‘that the flutter speed of the blades was 
increased as the blade-pitch-control stiffness was in- 
creased and indicated that the structural blade modes of 
primary significance with respect to flutter were the 
first torsion mode and the flapping mode. Motion pic- 
tures and visual observations of the flutter showed that 
the motion of the various blade elements during flutter 
consisted of a combination of translation in the flapping 
plane and torsion and that a large part of the transla- 
tion of the blade elements was due to blade flapping. 
The oscillograph records of the flutter showed that some 
elastic bending of the blade was also present; how- 
ever, the structural modes which primarily affected 
the flutter characteristics of the blade were the first 
torsional mode and the flapping mode.’ The method 
presented herein is restricted to hovering flight. It 
should be noted, however, that for the blades tested, 
the effect of forward flight (blades tested up to uh = 
0.2) on the flutter speed was small. 

The analysis which follows is divided into two major 
parts. In the first part [Section (3)] it is assumed that 
(a) the elastic axis coincides with the 25 per cent chord 
line, (b) structural damping can be neglected, (c) the 
initial collective pitch angle setting is equal to zero, and 
(d) the inertia effects of finite blade thickness can be 
neglected. In the second part [Section (4)] the effects 
of the above restrictions are analyzed. 


3) METHOD OF ANALYSIS 


The forces acting on a rotor blade in operation are of 
(1) inertia forces, (2) structural restrain- 
Although a rigorous 


three types: 
ing forces, and (3) air forces. 
solution of the dynamic and structural aspects of the 
problem is theoretically feasible, it does present certain 
computational difficulties. As to the air forces, no 
rotating wing aerodynamic theory of proven accuracy 
exists at present. Hence, it is apparent that an approx- 
imate solution of the subject problem will have to suf- 
fice, and, consequently, a number of simplifying assump- 
tions must be made. 

It has been shown in the case of fixed-wing analysis 
that a fair representation of the flutter characteristics 
can be obtained by considering the motion of the sys- 
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tem at flutter to be a superposition of the fundamental] 


bending and torsion modes. In addition, it was shown 
in the experimental investigation! that “the motion of 
f 


the various blade elements during flutter consisted o 
combination of translation in the flapping plane and 
torsion and that a large part of the translation of the 
blade elements was due to blade flapping.’ Cons¢ 
quently, following the fixed-wing approach, the present 
analysis is confined to two degrees of freedom corr 
sponding to the fundamental bending and _ the first 
torsional modes of the blade. 

Major emphasis is placed upon a hinged-type rotor 
blade whose fundamental vertical deflection mode js 
rigid blade flapping. However, the analysis could be 
readily adapted to other types of rotor systems. Tor 
sional flexibility is assumed to arise from both the con 
trol system and the blade itself. The effects of blad 
lagging motion and chordwise bending are neglected 
The fundamental torsional mode is obtained by use of 
a standard Holzer analysis? which is quite familiar t 
the vibration analyst. 

The problem as considered herein is three-dimen 
sional only to the extent that the spanwise variation 
of mass, geometry, and blade vibration mode shape is 
account. The aerodynamic forces and 


taken into 


moments are those given by strip theory. Hence, use 
is made of the two-dimensional potential theory for 
oscillating thin airfoils.* Furthermore, the simplifying 
assumption is made that Theordorsen’s unsteady aero- 
dynamic factor, C(k), which actually varies over the 
span, can be averaged out if evaluated at a representa 
tive blade section. As the 75 per cent spanwise station 
is found to be representative for most other aerodynamic 
rotor investigations, it is also adopted herein. It 1s 
also assumed that the elastic axis coincides with the 25 
per cent chord line and that the initial collective pitch 
angle is equal to zero degrees. 

In deriving the equations governing the motions ol 
the blade, use is made of Lagrange’s equations ol 


motion. 


a) Lagrange’s Equations of Motion 


As previously discussed, the flutter of an articulated 
blade may be treated by considering two degrees 0! 
freedom—namely, rigid blade flapping, 


B = Bo + 6 
and blade torsional deflection, 


6é=a+80 

where 8» and 6) are the equilibrium angles and 8 and # 
are small changes from the equilibrium angles. For 
6 can 


zero initial collective pitch 8 = 8 and 6 = @. 
be expressed as 6,0(r) where 6, is the blade tip torsional 
deflection about the elastic axis and (7) is the nor- 
malized first torsional mode shape of the flexible blade 
with control system flexibility. Choosing 8 and @;, as 
the two generalized coordinates, the equations of motion 


become 


| 


j 


(Cc) 
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idamenta] Flapping Locus of section shear centers 
‘ z 
Vas shown i 
ol - 4 z;) “. ad 
motion of - (O7/08) + (OU /0B8 QO oe A 
sisted of ) | Oo yo) 47. 
I i zr) _ Pr 
Mane and aaa --\ 
— Pitching yo) . f XS 
on of the \, Oj) fi ooo 
, : 7 > ' 
Conse- - {ol a . 9) ip bf - 
( OT 06,) + (Ol O86 Os 2 - , 
© present it \06, \ LESS. - y 
111 Corre 30° fx 
. where 7 is the kinetic energy of the system, Ll’ is the 
the first 5. - x 
? a ° 
notential energy of the system, and Q3 and Q,, are the 90 
I ae - , Flapping hinge oxis 
Vpe rotor generalized lOrces. yi 
mode js ; . a : : F Fic. 1. The coord t fal element ti 
b) Kinetic Energy Terms of the Lagrange Equations 
could be 
is. Tor In the derivation of the kinetic energy terms, two sets of rotation. The r-axis points in the spanwise direc 
the con- of coordinates are used, as shown in Fig. 1. tion of the blade and passes through the 25 per cent 
of blade \ fixed coordinate system, x;, i, 21, 1S defined with chord position of the element. The y-axis lies along 
eglected the origin at the rotor center of rotation. The x. ¥ the chord of the element, positive toward the leading 
Xv use of | plane is perpendicular to the shaft and the 2)-axis 1s edge, and the s-axis, perpendicular to the ry-plane, is 
miliar to long the shaft, positive upward. The azimuth posi positive when pointing upward. 
tion of the blade is given by the angle V and is meas- The coordinates A;, ¥;, 2; of a point on the blade may 
L ~ ; | 
See ured from the x)-axis in a counterclockwise direction be developed as functions of 7, y, z and the angular 
e-aimen- * S 
variatios A rotating coordinate system 7, y, and z is chosen for deflections of the blade in pitch, flapping, and azimuth 
shape is each blade element with the origin at the rotor center position, 6, 8, and V, respectively. 
ces and 
ence, use 
eory for vy (yr cos B cos 6 sin 8 — y sin @ sin 8) cos ¥W — (y cos 6 — z sin @) sin V 
aplifyving Vy (yr cos 8 — zs cos @sin 8 — y sin # sin B) sin VW + (y cos 6 — z sin 6) cos V 3 
dy aero- 3 = zscosécos8 + ysinécos 8 +7 sin B 
over the ae ee ; 
[he kinetic energy of the blade is, therefore, given by 
resenta- 
e station F . 9 - = 
in ae 1/2 (4,27 + i? + 3° )dm 
dynamic J blade 
1 hte r i —_ , — i ai ) 
h the 23 L/2 [7° + 3° cos’ (0,8) + y* sin® (0,6) + yz sin (20,6); 8° + 4(2° + y°) O° 56," 4 
1the-) | J blade 
ve pitch }—rz ® sin (0,6) + ry © cos (@,@) 5286, — | —yz cos 8 cos (20,6) + (1/2)(s* — y*) sin (26,6) X 
cos 8 — ry sin B cos (6,6) + rz sin B sin (6,6) ;208 — |—(y*? + 2°)@ sin 8 + ry® cos B sin (6,6) 4 
tions Ol rz® cos 8 cos (6,@) {206, + jr? cos? B + y* cos?(6,h) + 2° sin?(6,6) + y? sin? 8 sin? (6,b) 4 
tions ol s* sin? B cos*® (6,2) — rz sin (28) cos (0,6) — ry sin (28) sin (6,4) — ys cos® B sin (26,4) ;Q?|dm +) 
where dm is a mass particle and the integral is evaluated over the whole blade. (') denotes differentiation with 


respect to time. 

er Since in the prediction of flutter the sole attempt is to specify one or more conditions of instability, only small 
seestigs oscillations about the position of equilibrium need be considered. Thus, angular deflections 8 and 6, are considered 
small, and, hence, any products of these deflections are negligible. Further simplifications may be obtained by 


grees of 


neglecting relatively small terms. The resulting expressions are 


(07,08) — (07/08) = | (7°38 + ryd6, + O28 + ryQ*b6,)dm 5a 
e blade 
d P is 
; (O7'/06,) — (O7,08,) = (yy? + 27)b7O, + ryds + 02(y? — 2°) b*6, + O?rybsB jdm ob 
Ce ~ blade 
8 and 4 
‘s. For (c) The Potential Energy of the Blade 


é can _ ‘ . ‘ ; — ‘ - : ‘ 
; rhe potential energy of the rotating blade can be considered as a superposition of nonrotational and rotational ef- 
orsional i ‘ ‘ 

i tects. 
he nor- nn : : ; ; ; ; : ‘ 
e blad rhe potential energy stored in the nonrotating blade, when the blade is deflected, is the strain energy of torsion of 
e Diaace . 


id 6, as 


motion “Ro 
U = ti/Z) GJ(r) 


eo ( 


the blade and control system. This strain energy may be written as 


+> (o.@(r) | dr + (1/2)K,[@,8(0) |? (6 
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The above expression for potential energy contains quantities which generally are not easily calculable. 
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Hi wever 


this potential energy may be related to the torsional frequency since 


*R 
(1/2)0,?we," | I’, (rv) [®(r) Pe 1 2)6,7 


where /,,(7) is the mass moment of inertia about the 
elastic axis of a blade section at spanwise station 7, 
and, therefore, 
eR 
iy = (h/Drose p. 


' lo 
(r), P(r) \ 2dr | 6; S 


The rotational effects on the potential energy of the 
blade are introduced due to the action of the centrif- 
ugal force field. Similar to the above, the total poten- 
tial energy of the rotating blade can be written as 


*R 
U (1/2 wil I’, (r),B(r) ; dr lo. 9) 


Le { a 


where ws is the rotational frequency of the first torsional 


mode. wg can be written as! 


+ SQ? (10 


W¢ = WA, 


where S, is commonly referred to as the Southwell coef- 
Hence S, determines the contribution due to 
rotation and is a function of the chordwise and axial 


components of the centrifugal force as well as of the 


ficient. 


manner in which the blade is mounted on the hub. 

The contribution of the chordwise component of the 
centrifugal force to S¢ is approximately equal to 1 and 
has already been accounted for by the kinetic energy 
terms, as shown by the third term on the right-hand 
side of Eq. (5b). The axial component of the centrif- 
ugal force contributes to Ss because of its tendency to 
straighten the fibers of the deflected blade. Reference 
1 discusses the effect and evaluates this contribution 
as 0.17 for the blades tested. The contribution to S¢ 
due to the manner in which the blade is mounted on the 
hub is essentially zero if thrust bearings are used. 
However, the blades for which experimental data were 
obtained were attached to the hub by means of blade- 
retention straps and, therefore, significantly contrib- 
uted to Ss. The total Southwell coefficient including 
the effects of this particular type of attachment is pre- 


sented in reference | as a function of wa,. 


(d) Generalized Forces 
The generalized forces may be obtained by use of 
two-dimensional potential flow theory. The expression 
for the lift of an airfoil oscillating in bending and tor- 
sion can be written as* 
Ve — 2 4. b[(1/2) - al6, + 
mpb?[V6 — = — bab] (11) 


L’ = aopVbC(k 


In this expression C(k) is a complex function (equal to 
F + iG, where F and G are real) whose real and imagi- 
nary parts are functions of the reduced frequency, k 

whb/V, where w is the frequency of oscillation. The 
last two terms, which are independent of forward veloc- 


ity 1’ and dependent on accelerations 2 and 6, are the 


\ eR ’ i 
rJ(r 
| GI(r) | 


so-called ‘‘apparent mass’? terms and account for th 
effective inertia of the air surrounding the airfoil 

Similarly, the stalling moment about the shear center 
is 
M’ = aopVb?[a + (1,/2)]C(k), V0 

b[(1/2 a}6; r pb? } | 1/2) — a]llVb6 
b>| L/S) +4 a*}6 + has ) 

where the last two terms dependent on 6 and = are th 


“apparent mass” contributions. The oscillatory aer 


dynamic lift and moment expressions per unit spar 


can be obtained from Eqs. (11) and (12) by replacing 
6 by 6,0 and zby rs. Thus, CT 
L’ = appVbC(k),\ V0, — rB + b[(1/2) — a]6 

rpb?[Vbb, — r8B — bavé 


2)|C(k)\ Ve, — rp 
- a | Vboe, 


MM’ = al plb la 1. (] 
h2) 1 (4 >) 


b[(1/2) — a]6,; Tt p0- | 2 
b2[(1/8) + a2]®6, + bar 3! 
W 
ren . - . - - , ' 
The generalized force in the 6 degree of freedom, Q's, | 
is determined from the work done by the air forces 
61V, in displacing the structure by a virtual displace- 
ment 66, all other degrees of freedom being held 
stant during the displacement. Thus, 
élV AI’@(r)60 
so that O's, OI’, 60, M'&(r 16) | 
similarly, QO’ 61’, 638 BE 7 
Now, since 7 = Q7 
O's = anpQhC(k) ;Qr?&(r)6 r33 
b{(1/2) — al® Vr )) 6,5 T 1 pb [Or P(r G; r-— 
bad r)r@,} S 
Letting « 2b, C(k i, iG, integrating over the 
blade span, and letting the resultant coefficient of ¢ be 
designated by Qs, the coefficient of B by Q3;, et 
there results 
OFF 0 
Ose = — (1/S)appQX R4(F + 1G) 
Oz3 = — (J 12) rpc?R? 
*R 
Ose, = (1/2)appQ?c(F G)| reP(r)d 
Oss, = (1/4)aopQe?[(1/2) — a](F G) X I 
*R *R 
r°>@(r)dr + (1/4 oct | r?@(r)dr | 
Jo J 
*R th 
. I the 
Oss, = — 8) pcia | rP(r)dr i 
0 ice 
fyin 
Similarly, | foll 
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However 1/6 , {9,2 7 soft 
vever 0, pQb? {a + (1, 2) IC(R) ;Or7*?(r) 6, r°d(r)B + b 2) — alrb?(r)6,; mpb*;{[(1/2 a)]Qbre?(r)6, 4 
[ 1/S) + ¢ b-(r)@ ard 3} 218) 
() 
. s/ 
nt for th ) bappQc*la 4 2)|(F G P(r ye 
foil , . 
"A 
Car center S) 2 pe Pp ) 
*/ 


4 + ‘ ) 1 . . a ; 
j 0 SjagppQe3 la + (1/2) ](F + 1G L/S a *(r)d 1 S)rpckQ} (1,2 p 
/ ) " : : 
0 T pe ] a*] q hi 
ire the | F e 
i 
ory eri H 
init st (e) Flutter Equations 
replacing Using the previously presented results, the equations of motion for the two degree of freedom system under dis 
cussion can be written as 
6,7 + lapping equation 
A | 
1,0 1.0 1:3 A46 150 1. 0 2 
ne equation 
5) BiB + B.6, + B38 + By, + B38 + BG 0 3 
Dy + ~ 
ae where 
Om, U', 
k 
> { (2) 
ir forces : I 
eo} “7: 
displace- . ‘ 
ys A Q MIN yg Pd) 2)aeQ* pcR4(F +- iG Vat b 
leld con- | ‘ : ‘ 
! l/S)a pe OR*(F G 
. bat | 
| 1/4){(1/2 a lappc?QR*( | G P(. 1) wr QR qd 
\ 1 ] T 1/12 TT pe R 
‘ ' { mry.,P(r)dr 4 L/S Am pcr vP(A 
d whe r¢ 
-] 
3 - B Q MrVegP(r dr 
1s | ° 
: | »/ . 
| sy fra 0+ UDR UE + 16) f" 9% 
ver tie . j 
of 3 be > 
[ ( ( 7 OR / (7 | I 
i - f \ 
et J 
. . 
l } ( perQR*(f P I | S)rpc?QR ( I 
. . 
B mrv,F 1/S)apc*?aR D(A 
, . 
b / d r+ (1/16)rpc*R[(A/S) + I 1 


In the above. m is the mass per unit span, y,, is the chordwise distance between the section center of gravity and the 
elastic axis, and x r/R. 

The aerodynamic terms in the above coefficients are, as previously stated, derived by use of thin airfoil potential 
theory which stipulates that the a.c. be located at the 1/4 chord. With the finite thickness of the airfoil taken into 
account, the a.c. may not be located exactly at the 1/4 chord. This effect may be approximately evaluated by modi 
lying the coefficients B., B;, and B, to account for the resulting aerodynamic moments abovt the 25 per cent ¢ as 


ER 


f¢ low S: 
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>) 


*R 
B (w,- +t soa) | I’ ,,b?*(r)dr — (1/4) la + (1/2) Janpc?Q?R3(F 4 ic) | x? (x) da 
2) eaypc?7Q?R vP*(x)d 

B (1 4) [a + (1 2) JaypePQR*( F + ic) | v°@(x dx + (1/2) eanpe OR? | Vv? P(x) dx 
By, = -—(1/8)[01/4)— a? lanpeEPraR*(F 4 iG) | xP*(x)dx — (1 4de[(1 2) — a Jaopc?0R? | xP*(x)dx + 

(1/8) rpcFQR?[(1/2 al| vP-(x)d 
where ¢ is the distance in per cent chord from the | 4 une ; aa 

and finite blade thickness a similar approach can be | 


chord line to the a.c., positive toward the leading edge. 
The method used for solving the equations for the used as in the previous analysis. As before, angular 
: : ; AMecti are fine , rjo% > ine 
flutter speed and frequency 1s presented in the Appen- deflections are defined by rigid blade flapping, 


dix and is similar to that used in previous papers.* ‘ 5= 2, +2 


(4) ErFects OF INITIAL PITCH ANGLES, FINITE BLADI 
THICKNESS, SHEAR CENTER VARIATION, AND oa O28 
STRUCTURAL DAMPING 
The significant terms containing the initial angles 
(a) Influence of Initial Pitch Angle Settings and Inertia 3) and 6, and the blade thickness coordinate, 2, are r 
Effect of Finite Blade Thickness tained. Using the development and the notation oj 


To examine the effects of an initial pitch angle setting Section (3), the flutter coefficients are obtained as 





A, . Q?] 

*R *) 
Ay = a | MrVegP(r)dr — (1/2)agpce2?R'(F + 1G x(x )dx 
A; = (1 S)aypcQR*(F + 1G) 

. 7) *) 

A,=- 20 D(z? + ABry)dm — (1/+)anpcPQR*(F + 71G)[(12) — alf xddx — (1/4 oc!R’ | Vdd 

J blade Jo Jo 
A, = I,, + (1/12) apc?R® 

*R * 
ae 2 mry-gbdr + (] S)roc*Ria | xPdx 
— . 
B, = o°| MrvV-,Pdr 
By, = (we,” + sa) | (y? + 2°)b2%dm — a (22? + OBory)&*dm — 
e blade ¢/ blade 
(1 bagpc?Q?R*| Ff | iG) la - 2) x’ Pd 

. td | 

B, = 20 (3? + ryOoB))bdm + (1/2) pacc?QR*(F + iG)la + (1 »1f x°@dx 
¢ blade J 0 
>] >) 

By = —(1/8)pagc*QR?(F + iG)[(1/4) — a | x@*dx + (1/8)mpc?QR?[(1/2) — alf xb*dx 


*R 71 
By = } mry,,bdr + (1/8) rpc Rea | xbdx 


a] 7) 
Be = | (vy? + 2°)6°dm + (1/16)rpctR[(1/8) + a?] | P7dx 
/ blade J 0 


The relationship between 4 and {8 is obtained using 


the standard equations for hovering flight.° The re- (b) Effect of a Spanwise Variation of the Location of the 


. oe Section Shear Center 
sulting expression is 


(1/2)aopcR? ki 


4 ‘ 
Assume that a mass particle of the blade is located at a 
2 a... 4 . (*) a (24) spanwise section 7 and a distance y from the location 


The effect of a shear center variation is treated in a 


By = - previous paper.’ Briefly, the technique is as follows 


34 Sm Sir Or of the 1/4 chord and that the tip of the blade twists 








tio1 
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bel 
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CALCULATED AND OBSERVED I] 
through angle @,. Hence, section y will have twisted blade element, mrQ°dr, will act with a moment arm 
angle @(7)#, with respect to the flapping- equal to the distance between the flapping hinge axis 


through 
ie axis (see Fig. 1). If the location of the section and the plane perpendicular to the shaft containing the 


ning 


shear center is constant along the blade, the particle 


will have 


hort lw ist 


section center of gravity of the element. Using expres 


described an arc y®(r)@,. However, if the 


location of the section shear center varies Ee 





long the span, each section will revolve about a differ- - 
ent port and the are described by the mass particle 4 AO (r2)% aioli 
will no longer be y®(r)6,. In effect, the motion of the ke ) 
is . . e,° . a Wee’y 
mass particle can be considered as a superposition ol Aer, 4 PS : 
the relative motions ot all blade elements from the root dm - 
: ! L hog bs 
to section As the root of the blade twists through cae 8 (Keely, 
ri | —_* 
in angle ®(0)@, all outboard blade elements can be con $(0)8, —~ \ \ \ 
. . — f “a . 
sidered to move with the root section as a rigid blade, * ie : VX 
nd, hence, the parma in question will have rotated > KON 
through an are ,;V\r - 9 ()) ,P(0 G,. where y is the ~<, a 
chordwise distance between the section shear center aan Pid TS 
+4 a TBs \ 
ind the 1 4 chord position. The blade element at 7, 29}, / \ » 
- Re , . 7 VS) v } ~ 
immediately outboard of the root section, will move o~ "a 
hr 1 cle (r, 0, i\b(r,) — &(0)!8, relative Pa 
through an angle ad ry pP(y I wre relative Flapping: hinge | 
to the root about its shear center, and again the rest axis 
of the blade is considered to move with the 7; element ‘s sie i eatin 
isa rigid blade. The contribution of this rotation to shear center 
the motion of the mass particle will be jy(7 VeelKi) 5 
r1,: . G.Z Motion o nass particle « © torsion « i blade 
A\b(7,)6,.. This process continues and each blade ele Fic. 2. Motion of a mass particle due to torsion of 
Ing spanWwisc Variation of the section shear center t1 


ment up to the y section will contribute to the motion 











f the particle see Fig. 4B The total motion of the a — 
particle can thus be written as vuntiguration Kg(ft-ips /rac.) 
9 8 
_ i 6.45 
0)! 60) + 2 19.25 V 
1 3 50.40 “ « 
a del 4 11600 Pa , 
V(r VeelKi) 4 : dy A 25 5 135.20 o |- 
‘ a? J 
Letting Vee? — (¢/2){(1/2) + a), (26) 
v rR and v1, = 7,/R 
where a is the chordwise distance in per cent semichord Configuration 6 
between the shear center and the semichord position, Configuration K YD 
positive when aft of the semichord position, expression 2 
sc oaggalb czpahne 6 135.20 mf 
25) may be written as e- 
ry cf \) _ 
)) + + a) ¢ (0 1 
L Z2\2 NACA TN 3376 
Ws j x r l | dP(x ] P - Fic. 3 Blade configurations used in this report 
; a 2\2 7 DN dx, J ~ 
rhe flutter equations are then obtained through a ee ee ee Seen Se ae ae 
summation of ‘‘generalized forces.’’ A generalized 0 sr Chord 
lorce is defined here as the derivative—with respect to a 
— 
. = . - = 8 - 
virtual displacement of the blade tip—of the energy - 
expended due to the virtual displacement. These $ 
: mage 6 
generalized forces are obtained by proper determination S 
of velocities, the points of application of the acting be 
. c 7 
lorces, and the distances traveled by these forces when E 
, ‘ 7 : ‘ § 
the blade is deflected. As an illustration, the deriva- 5 pl 
tion of one of the pertinent terms—the inertia part of S 
the generalized flapping force itch—is give wae —< 
generalized flapping force due to pitch—is given a nn 2 a Se + a em 0 
r/R 


bel yw. 


Due toa tip deflection, 6, the centrifugal force of a Fic. 4 Measured elastic axis location (shear center 
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sion (27), the moment produced ts The energy expended by this moment due to a virtua] 
\ ] 5) : a] 
tip deflection 68 is, therefore, 


af 2 1 , ; 
mrQ?dr Nea! Ja ee oe ¢P(0) + mrQ?dr-(moment arm) -63 29) § 
ed bY) \d® ; | Integrating over the whole span and differentiating 
, 3 Veal) r oe. ; vm ad A (-5 with respect to 63, the generalized flapping force due t 


pitch is 


>! l ‘ cri d® | 
6,2°R? m(x)x J Ve(x) +a (0) + Py, (x) + + a = dx; | dn JU 
J - 2\2 J‘ Jo 2\2 0 Tx $ dx J 


Using the same technique, the coeflicients of the flutter equations are as follows: 


A, FT,; 


. s # i. fl dm, |, 
A, = 2°R? / m(x)x Fine + (5 + a) (0) + | \Yeo(*) + ‘(5 + a) Pay dx | dx 


l 
A; = (F + iG)appcQ2R! 
Q 
a a eet #(0 oon dm ) Tee ee 
A; == (F as 1G )agpc?QR?® —¢ T ae = @ ax dx = mrpc*QR x-Pdy 
9 ~~ ¥ Wo \2 x, dx fo" | ‘ 
T 
1 lin + 19 pc’ R 


T 


; *1 oo ¢ er e l i. Sve Cc ¥ ) d® a 
As R m(x)x Nea x) +> (; aS a) P(O) + J, Weal) + 5 ( - a Le dx | 


l eno | 2(Q) i ihe d® Be ig 
mpc? R* (0) + x a(x,) —— dxip ds 
a) 2 J 0 - ax ) 


i af 7 f er wre: f : [ cf1, \d@, ], 

= pe ~ ” < ’ . <ien + ( D( + < - a 4 > . 4 

By = & R* , M(X)X | \Neg(x) 4 alo te) e b(O J, Veo s\5 +4 ues dx; | dx 
rn ner Pe week. ib d@, \ | 
By = (wo,” + Se") I’ ,yb*dr — — (F + 1G)agpc?Q?R3 x’*@ - +a)#(0O) + +a -dx,7 dx | 
.- { Jo (\2 . Jo \2 «dx, 5 J 


ye as ie tlt be dm \ 
By = (F + 1G)appc?QR?® a +a] &(O) + +a - Axi dx 
4 J 0 yi 0 / 0 z , dx f 
xi i 
ae a aie 7 « | Fr d® 1 
By = — = (F + 1G)aopc?QR? x — a} (0) + 6 dx; +a} (0) + 
s J 0 2 0 /0 2 £ dx; L 2 0 
we é. d& “a - 30 R? [ i: J . [ : i ae 
Jo \o +a -s dx 5 — 8 Tr pe QR* | ; xP 1 9 — a ha i Jo \9 = <, OX; a . 
a} r er s \ 
a = c/l ) | 2, eee. ) d® 
3 _ | xxl iv.(y | b(0) + <Veo(x) + & x x + 
Bs R J, mode | {yuo +5 (5 +) D( J, ~ As): 5 914 7 Fags dx 
— [ 12(0) (0 in d® 
73 R? x < (()) di —_ (XY;) ax al 
g Mpc J x yal J, wed Fe dey 
°R , , 1 7] Pp? >] j wr d® 2 
Bs = I’ yyb*dr + — mpc'R dx + <a(O)€(0) + a(x;) dxir dx 
J 0 16 Jo 8 Jo | J 0 dx; f } 
(c) Structural Damping is 
As is quite common, structural damping can be intro- ' >R 
duced as a function of the flexibility of the blade and 286" | i yP*(r dr O; 3] 


control system—but leading the flexibility term by 


90 degrees.?, Hence, the structural damping in torsion where g is of the order of 0.02 to 0.08. 
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que 


flut 
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»9 1 ail ‘ - - . i. . ee ‘ ‘ 
i Virtual 5) CORRELATION WITH EXPERIMENTAL DATA AND thru 5. It is noted that, as the stiffness is increased, 
CONCLUSION the flutter speed increases. While the calculated 
99) | ; values are in agreement with this fact, the theory tends 
4 As previously stated, an experimental flutter study ; ; : 
: ; : as : to exaggerate the effect. In the case of a very flexible 
entiatine | fa 1 10 scale dynamic model of the XH-17 two-blade @ ; 
aie i. . ; ; : control system (configuration 1), the theoretical value 
ce due t iet-driven helicopter rotor is described in reference 1. pie itis é 
) i ce we ‘ is in error in a conservative sense. However, as the 
The rotor had a diameter of 13 ft. and a solidity of rae ae ares 
5 : : ; “ control system stiffness is increased and blade flexibility 
0.055. The blades were of rectangular plan form, un- : ere ; rh 
i aie oe ee: becomes more significant (configura*ions 2 through 5 
twisted, and had a chord of 6.8 in. The airfoil was an : ; 
aq) | j as , e vie : ; . the error becomes nonconservative The calculated 
= NACA 23018. Spanwise variations of mass, inertia, : ; 
; value of the frequency ratio w, 2; is, however, in general 


and stiffness characteristics are shown in Figs. 2 to 5 of 
agreement throughout. It should be noted that in the 


the above reference. The blades were attached to the 


; : < theory presented herein, the flutter speed is directly 
| hub by means of blade-retention straps. Six blade co : : ‘ 
: vs : ‘ sa proportional to the nonrotating torsional frequency, 
configurations were tested. The configurations differed 
““~ - WA. 
in control stiffness and or the attachment of counter . 
weights and are shown in Fig. 3. The spanwise varia- rhe effect of mass distribution of the blades is dem- 
tion of the chordwise location of the section shear center onstrated by configurations 5 and 6, in which the con- 
‘ ‘s shown in Fig. 4 trol stiffness was held constant at 135.2 ft.-lbs. rad. 
is sho g. 4. 












Vdd oe ; , . : 
In Table 1 the experimental values of 2, and wy, Q, Configuration 6 was essentially the same as configura 
for the six blade configurations are compared with those tion 5 with the outboard counterweight (forward of the 
obtained by means of the theory of Section (3), using elastic axis) removed. As would be expected, the 
| alift curve slope of 6 rad. In addition, the values of flutter speed is reduced by removal of the counter- 
\ the Southwell coefficient, Ss, and the torsional fre- weight, but again the theory tends to exaggerate this 
i te for 
quency, we, are indicated. effect. 
rhe effect of control system stiffness on the rotor The effects of unsteady aerodynamics, the effective 
flutter speed 2, is demonstrated by configurations | slope of the lift curve of the blade, and the location of 
| TABLE | 
Experimental and Calculated Values of 2, and Q 
Be ec 7 Calculated Experimental 
aT a C a — —_—— 
- Sé WAY” Q) rad sec YQ ¢2 rad scC { 
l 4.71 1,250 27.1 1.95 st) 1.70-1.72 
2 4.32 3,120 33.4 1.99 1 .84-1 .97 
3 3.51 7,420 40.5 2 02 35-37 2 02-2.06 
4 2.50 13,400 15.2 2.03 39-40 1.94-2.02 
5 2.28 14,800 46.8 2.01 11-42 2.()2-2.09 
7 f 2.00 17,200 36.5 2.37 38-40 y. 10-2.22 
dx | 
i 
TABLE 2 
Effects of ao, e«, and C(k) on Q; and w,/2 
\erodynamic Q 
| Configuration ay € Theory rad. /sec ‘ 
1 experimental 32-35 1.70-1.72 
calculated 6.0 0 quasi-steady 16.1 2 59 
» . si 6.0 0 unsteady 27.1 1.95 
x { ax ae ef 0 unsteady 30.9 1.87 
‘ian 2 experimental 05 neo 32-36 1. 84-1 .9%7 
calculated 6.0 0 quasi-steady 22 .6 2.64 
i“ 6.0 0 unsteady 33.7 1.99 
5.7 0 unsteady 36.5 1.92 
experimental sis 35-37 2 .02-2 . Of 
calculated 6.0 0 quasi-steady 29.9 2.75 
a 7 6.0 0 unsteady 40.5 2.02 
: ‘ie er 0 unsteady 42.7 1.95 
6.0 0.01 unsteady 35.4 2.20 
6.0 0.02 unsteady 32.7 2.31 
experimental eee : , 39-40 1.94-2.02 
calculated 6.0 0 quasi-steady 36.1 2.74 
| 4; 6.0 0 unsteady 45.2 2.03 
5.7 0 unsteady 47.2 1.95 
} 5 experimental ic eats ae 41-42 2 .02-2.09 
calculated 6.0 0 quasi-steady 37.3 2.74 
by 6.0 0 unsteady 46.8 2.01 
(3] 5.7 0 unsteady 48.5 1.94 
6 experimental . - cas 38-40 2.10-2.22 
calculated 6.0 0 quasi-steady 297.0 3.99 
6.0 0 unsteady 36.5 2.37 
“ 98 


5.7 0 unsteady 37 .6 2 
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TABLE 3 
Influence of Measured Elastic Axis Position and Structural Damping 

















Measured e.a e.a, at 25°) chord Experimental 
Configura- 
tion g Q, rad./sec ws /Q2 Q,(rad./sec. wr /Q2 Q;(rad./sec w 
l 0) 27 .3 1.95 27.3 1.95 32-35 1.70-1.72 
l 0.03 2 1.9] 
2 0 32.2 2 (1 ey 1.99 32-36 1.84-1.97 
3 0 38.7 2.01 10.5 2.02 35-37 2 .02-2 .06 
3 0.08 40.2 1.96 
0) $3.0 2.01 15.2 2.03 39-40 1 .94—2 02 
5 0 43.5 2.01 16.8 2.01 41-42 2.02-2 .09 
6 0 35.6 2.48 36.5 2.37 38-40 2.10-2.22 
the aerodynamic center are shown in Table 2. It is Table 3 and Fig. 5 demonstrate the effects of a Span- { 
noted that the assumption of C(k) = 1 (quasi-steady wise variation of the location of the section shear center 
assumption) results in rather large discrepancies be- and structural damping. It is noted that increased 
tween the calculated and experimental values for con- accuracy is obtained by inclusion of the measured shear 
figurations 1, 2, 3, and 6, while for configurations 4+ and center variation into the analysis. The influence of 
5 the discrepancies are mainly confined to the frequency structural damping is seen to be small. 
ratio. Also, it is seen that a decrease in the lift curve Fig. 6 shows the influence of initial pitch angle set- | 
slope, do, results in an increase of the flutter speed. A tings and inertia effect of finite blade thickness. As ex % 
forward shift of the aerodynamic center (see configura- pected, the effects of initial pitch angle settings ar 
tion 5) results in a decrease of 2, and an increase of found to be small. Finally, the flutter speed is seen to | 
wy Oy. decrease with an increase of the inertia effect of finite 
blade thickness, 
s-p-dim 
50\ ¢ blade 
Bee ome! See Although the above results are based upon the rather 
* Pe ° 8 limited amount of available experimental data, it ap ‘| 
g 8 A a 8 pears that the method presented herein could be effec : 
~ 30} tively used for the prediction of classical-type rotor . 
b “i O Test data bl : ] . ! . . I at 
S pte lade flutter. Itis recommended, however, that further ne 
_ 291 e.0. at 25 %c——— comparisons with experimental data be conducted. sont 
S measured e.a. location tha 
(figure 4) ; : let 
10 } APPENDIX—METHOD OF SOLUTION FOR THE FLUTTER . 
CHARACTERISTICS 7 
dll 
0 20 40 60 80 100 120 140 fo The method of solution is similar to that used for \ 
Kg (ft-lbs. 44 ) : : wPX: 
P fod fixed-wing analysis. However, for those unacquainted equ 
Fic. 5. Flutter speed vs —— mipnen Lemmperntione with the technique, a brief outline of the method 1s cor 
») . 
given below. \ 
The uncoupled first torsional mode shape is obtained ! 
[ | Sha etree an ] ] by one of the standard tabular schemes, such as the sup 
a=. ———— Holzer method. The integrals appearing in the flutter buc 
46 | [2°S*am | So. coefficients can be evaluated by tabular integration. A stre 
Where f(z)= ——————_ : ae 
S ly*+z®)® "am value is chosen for the reduced frequency, and the cor stre 
44 } + , ; nage : ton 
responding values for F and G are obtained (see Fig. 4 tion 
42 t . — of reference 5). The coefficients are calculated and the cast 
, a a er oe : solution at flutter is assumed to be of the form to | 
ae 
2 + ’ alth 
£ 38 + + + 3 3 eiwst $a 
~ \ 
& 36 { { | 6 Aye that 
~ 
g ” 
34 — + + + e,° ‘ ~ ‘ 
= where 3; and #, may be complex quantities. Substitut 
32 — T j 1 t ! ing Eqs. (A-1) into the flutter equations, there results R 
[_ — 4 fae is 4 1 y 
< | | { —A;w, — iA wr TT A, rey) 
O (—Agwy/? + 1Agwy + A2)0 0 9 
O 2 ¢ 6 8 10 , , A-2 
, (Degrees) (— Bw? + 1Brw, + Bip 4 


Fic. 6 Effect of initial pitch angle settings and blade thickness 
on the flutter speed of configuration 3 Continued on page 32 
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Plastic Buckling of Simply Supported Plates 
Subjected to Combined Shear and Bending 


or Eccentric Compression in Their Plane 


Ps © 
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BIJLAARD* 


Cornell University 


SUMMARY 


s are derived for computing the plastic buckling stress 
bin 


energy 


1 com ition 
The 


integration in 


simply supported plates that are subject to 
f shear and longitudinal bending in their plane 
The 


by 


thod and oblique coordinates are used 


stic regions is carried out partially using Simpson's 


rule The more general case of combined shear and eccentric 


nm is also considered 


valuating these computations for some definite cases, 


lesign formulas are presented for computing the plastic 





with which the elastic buckling stress for the 





on factor, 


issociated elastic case has to be multiplied in order to 


n the plastic buckling stress \n approximate formula is 


ented for calculating the elastic buckling stress for combined 
rand eccentric Compression 


INTRODUCTION 


_ PAPER contains a continuation of the investi- 
gation on the plastic buckling of plates subject to 
nonhomogeneous stress distribution reported in refer- 
ence 1. As explained more elaborately in that refer- 
ence, the author's theory of plastic buckling*~* assumes 
that the shear (distortion) energy governs the plastic 
deformation and that the plastic part of the deforma- 
that 


cally in a similar way as the elastic deformation, but with 


tion occurs quasi-isotropically is, macroscopt 
a variable plastic modulus and with a Poisson's ratio 
equal to 0.5. Both these hypotheses are in good ac- 
cordance with experiments. 

With incipient buckling of plates and shells, a state 
of stress with infinitely small stress components 1s 
superimposed on the original state of stress before 
buckling. In general, the ratios of the superimposed 
stress components will differ from those of the original 
stress components. This requires additional assump- 
tions. The author's theory assumes that in the special 
case of plastic buckling the material behaves according 
to the so-called deformation theory (Hencky body), 
although it contains flow theory (Prandtl-Reuss-body) 
as a special case. In deformation theory, it is assumed 
that the final strains are the same as if the stress com- 


ponents had increased from zero to their final values 
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with constant ratios equal to these ratios in the final 
final deviatory strain 
final 


In flow theory, it is assumed that 


state of stress. Therefore, the 


components are proportional to the deviatory 
stress components. 
at any instant the increments of the deviatory plasti 
strain components are proportional to the total devi 
atory stress components at that instant 

it 
special case of buckling the material behaves according 
to deformation theory. Kollbrunner,' 
Stiissi,’ and the NACA* confirmed the author's theory, 


An expla 


From the beginning was assumed that for the 


Later tests by 


as do also more recent experiments. 
nation of why, in the case of buckling, materials like 
aluminum, magnesium, titanium, etc., where a given 
uniaxial stress entails a definite plastic strain, behave in 
given in 


that 


theory 
to the 


deformation was 
It 


buckling, due to Shanley’s principle of simultaneous 


accordance with 


references 1 and 9. is due fact with 
action and also in connection with unavoidable eccen 
tricities, the stresses from the original state of stress 
increase at the same time that the additional state of 
stress from the bending (buckling) action 1s superim 
posed, so that during the entire process the shearing 


all 


this behavior was 


stresses monotonically increase in practically 


] 


planes. As explained in reference 1, 
confirmed directly by Feigen’s experiments on tubes 
In the present paper, first a long simply supported 
plate is considered, subject to combined shear and 
longitudinal bending in its plane. Using a method 
similar to that in reference 1 it would be possible to re 
place the governing partial differential equation by 
ordinary finite difference equations, but the presence 


of shear stresses makes it difficult to satisfy the bound 


ary ct mditions at the edges y Q and y bh (see Fig 
1). This may be demonstrated by considering the 
case of shear in the elastic range. In that case (see 
Fig. 1), the differential equation of the plate 1s 
N[(O*w/Ox*) + 2(04w/Ox*dy") + (O*w Oy‘) | - 


ow Wwdy) = 0 (1 


where .V is the flexural rigidity of the plate. With 
ww fe ? 
where } is a function of y only and | *, Eq. (1 


is transformed to 


where a prime denotes a differentiation with respect 
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Te 
This equation can be written in the form of a 
The boundary conditions 


at vy = Oandy 0 and d?Y/dy? = 0. 
Using the method of finite differences, with pivotal 


to y. 
finite difference equation. 
b are now Y 


points as shown in Fig. 1, for example, for point 0 these 
0 and 
a — ), (and, using second-order differences, also 
Fs — ¥3). 
lines that occur in shear buckling, an imaginary ex- 
0 leads to 
the dashed nodal lines for negative values of y, so that 
There 


boundary conditions are transformed to Y; 
However, owing to the oblique nodal 
tension of the plate outside the support y 
}_, would not be equal to — ¥, (see Fig. 1). 
fore, no good convergence can be expected in this case. 


Indeed, a b 3 of the pivotal points, 


which, from Table | of reference 1 in the case of bend- 


spacing 


ing, and by using second-order differences, gave an 
error of only +2 per cent, in the present case leads to a 
buckling stress coefficient k 6.43, against an exact 


value of 5.35. Hence the error is here +20 per cent. 


The condition ¥_, —}, would be approximately 
satisfied if oblique coordinates yo in the general direc- 
2). Asa 


and Yo, 


tion of the nodal lines were used (see Fig. 


matter of fact, with oblique coordinates x9 


where tan ¢ 1/V 2 (see Fig. 2), and using 3 spacings 


(Ito by ‘3), one finds k 5.64, or an error of only 5.5 


1 
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per cent. However, in the case of plastic buckling 


under combined bending and shear, the direction of th, 
oblique nodal lines is not known beforehand. Ther 


fore, it Was more convenient to use the energy method 


(As in the case of bending or eccentric compression, 


dealt with in reference 1, one has to begin with assum- 


ing a certain stress distribution. In the present cas 
this stress distribution is not directly obvious 
be considered in the next section. 


Subsequently, formulas are derived for the plasti 


and elastic buckling stresses for combined shear and 


bending as well as for combined shear and eccentri 


compression, which expressions are evaluated for special] 
| | 


cases. Finally, design formulas are developed for thy 
plastic reduction factor, with which the elastic buckling 
stress for the so-called associated case has to be multi- 
plied in order to obtain the plastic buckling stress 
In this connection the stress distribution for the asso- 
ciated case is determined, and design formulas are 
given for the elastic buckling stress for combined shear 
and eccentric compression. 

A paper on the buckling of clamped plates, clamped 
flanges and hinged flanges under nonhomogeneous stress 
distribution will appear under the title given in refer- 


ence 26. 















































Fig. 3 
Fic. 1. Plate subjected to shear, using rectangular coordinates. 


and shear. 






































\ | 





Fic. 2. 


o, — €, diagram without (curve 1) and with (curve 2) simultaneous shear. 











Fig. 4 


FIG.« 


Plate subjected to combined eccentric compression 


Plate subjected to shear, using oblique coordinates 


Fic. 4. 


It will 


F PLASTIC BUCELING OF SIMPLY SUPPORTED PLATES ot 


buckling STRESS DISTRIBUTION PRIOR TO BUCKLING that, with an assuined linear e, distribution, the dis 
10N Of the : tribution of o, is directly known 
TI The more general case of combined shear and ec- : : - ; 
lere- § ; ; ; é it From reference 1 the form of the stress-strain dia 
r method centric compression will be considered first. Since ao 
nethod a < ; ; gram has practically no influence on the resulting 
a: only o, and 7;, differ from zero, Poisson's ratio does not wr , . : 
pression, j ~s ; Rapti critical edge stress, expressed as a function of the con 
th — § enter into the calculations, so that it 1s not necessary ie as é; 
Hl assum- ' : aa : ; ; dition at the edge. Therefore, for the sake of con 
cela ies split the strains into elastic and plastic ones. Hence, ; : 
sent case si ; venience, the idealized stress-strain diagram of mild 
oi «.can be expressed aS . <a ms . . 
It will ; steel, as sketched in Fig. 5, will be used for the sub 
€ o:/E (4 ject problem. For the case of combined bending and 
le plastic 7 shear considered now, the stress distribution is sketched 
where /, is the secant modulus. Further, at any Sy a ed ; : ie 
lear and | : x in Fig. 6. In the two plastic regions, where d > \, > O 
; ; noint ¢, and 7,, (hereafter denoted as 7) are connected ; . _— . - . 
eccentric Fo! orb >y> 06 d, from Eq. (5), where now a, is equal 


by the condition of plasticity ie 
T special | ; to the yield stress o,,, the normal stress is 


d for the a t oT ci ) 
buckling | ae o Vo OT 6 
ye multi. | where is the equivalent uniaxial stress. 
be i With a stress-strain diagram for uniaxial loading as In Fig. 6 y; denotes the orthogonal coordinate, in con 
§ stress. | ee : ras Tog nae ae 
th - given by curve 1 in Fig. 3, at an arbitrary point A, trast with the oblique coordinate y that will be used 
e€ asso- ¥ rf i or ‘ ; ‘e 4 d (see Fic. 6) I ow -TIDT - 
ula | witha stress o = o,, the secant modulus has a definite later. .At a distance 5 / (see Fig low the upper 
a5 are | é . . dee i he dar ‘twee > stic 
r value -&,.. Hence, with a given shear stress 7 (see edge—that is, at the boundary between the elastic 
ied Shear . is mnd ¢ 1c oF - I, ’ f: } , 
Sie : a ‘ g , whe; is tl astic 
b Fig. 4), with the same secant modulus £,, from Eq. nd plastic regions ~~¢ E, where Rang elasti 
' Ms ; Ss ; modulus. Hence, at any distance in the upper 
‘| 4 — (5) the stress ¢, is equal to V a,” — 37’, so that point . . iia 
Se | ms ‘ . ; : plastic region, from Eq. (4) and Fig. 6, 
| Bin Fig. 3 determines a point of the stress-strain rela ; 
us Stress 5 I 
in refer- tion between o, and ¢,. Other points are found in a é Or,/E 
similar way. This results in the curve 2 in Fig. 3 as »[(b/2) —4 1/2 | (o2,/E 7 











the ¢, — e, relation belonging to a given shear stress r. 
——. ; i ‘ from which 
Therefore, after assuming a constant shear stress (see 
| Fig. 4), from Fig. 3 the o, — e, relation is known, so E b — 2d) (b 2y,) |Z S 
if 
t — 
Se t 











































































































Fg: Ss 


fig. 7 


Fic. 6. Plate subjected to combined bending and shear FIG 


FIG 
ression | Fic. 5. Stress-strain relation used in computations 
Plate subjected to special case of combined shear and eccentric compression 
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From symmetry with respect to the neutral plane this may be approximated very well by 
also determines the values of /, in the lower plastic oe 
i gee ; w AoY sin mx a 9 
region. Hence, with known values of /,, and £, 0, 
the plastic reduction coefficients in the theory of plastic where 
ate buckling can be calculated at any point. Ee at 
| we yI } > K, sin (nry b (where A 1() 


i 


l 
DERIVATION OF A FORMULA FOR THE PLASTIC 


i ; ; so that only three terms of the series are considered 
BUCKLING STRESS FOR COMBINED SHEAR AND BENDING 


Using oblique coordinates x and y (see Fig. 6) as was to the arbitrary term Ay in Eq. (9), Ay in Eq. (10) may 
done in reference 15 in the case of combined shear be equated to one. From Eq. (59) of reference 15, the 
and longitudinal compression, the buckling deflection internal work at incipient plastic buckling is, for on 


half-wave length a in the \-direction, 


— 
iw =i | | [ F,(O2w /Ox?)? cos ¢ + Fo(O2w dx?) (O2w/Ixdy) + Fy(O2w Ody)? cos ¢ 
F,(0?w/Ox") (0?w/Oy?)/cos g + F;(0?w/Oxdy) (O7w, Oy”) cos? ¢ + Fe(O7*w/ Oy")? /cos® vy] dxdy (1 
where ¢ is the slope angle of the oblique coordinate Y (see Fig. 6), and 
F, Cu — 4 Cisa + 2 (Cio + 2 Ca3)a? — 4+ Cua’? + Cra’ 


Fy 1(Ci3 — (Co + 2 C33)a + 3 Cra? — Cra? | 
FP ! (C33 — 2 Coza + C20") 


1) 
Fs 2 (Cz — 2 Cua + Cy a’) LZ 
Fy t (Cx3 — Cra) 
F; Cre 
a tan ¢ 13 


Cu, Ci, ete. are plastic reduction coefficients which have been defined in reference 15 and will be further discussed 
below. 
From reference 15 the external work for a half wave a in the X-direction is 


ov eb 
V, (1/2)t | | | o7(Ow/Ox)? cos ¢ — 27[(Ow/ Ox) (OW Oy) — (Ow Ox)? sin v]} dxdy 4 
J) Jv 

Insertion of Eq. (9) into Eq. (11) and carrying out the differentiations, as well as the integration in the \-direction, 
leads to 


V (a /4ab?) Kol | ydy 15 


where 
y (1/B°)F, Yi cos ¢ + (F3 V3 + Fi Vs) /cos ¢ + B?F5 Ve cos® ¢ 16 
Vi, V3, Ys, and J} are the nondimensional values 
Y) VY? Vs = (67/7) (Y’)?: Y, —(b? r*)VY": YY; (b4/m*) (Y")? li 
where a prime denotes differentiation with respect to y and 
B = a/b 18 
Splitting the internal work into that in the elastic and plastic regions, Eq. (15) may be written in the form 


V il Kol lf vy, dy + f ydy + ry , y, ay | 


tab? 


a. cet fm f - " f | 
fab° " J0 vet) J0 (4. Vr)dy — J bo—d (Ye — v,)dy 


where y, and y, represent y from Eq. (16) in the elastic and plastic domain, respectively, and dp is the oblique dis 
tance dy shown in Fig. 6. 

Carrying out the differentiations and the integration in the Y-direction, Eq. (14) leads to 
20 


9 eh 

s Te ” : : 

V, = Ko ¥?(o, cos ¢ + 27 sin yg)dy 
4a JV 


where }* is the same function as }, in Eq. (17). In the elastic region, from Fig. 6, 


Further, bo is the oblique plate width in Fig. 6. Owing 





whe 


10 


sidered 


Owin; 


0) may 
15, the 


for one 


13 


cussed 


19 


e dis 


20 
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[1 — (2y/bo) Joo [1 — (2y/b [bo (bo — 2do) \o 21 
while in the plastic regions a, o,», Where o,, is given by Eq. (6). With the notation 


Orp T Y 


from Eqs. (20) and (21) in the elastic region, the external work is 


P oS . ig : - — 
| ep K Try | (yY CoS gy + 2 SIN ¢Y } dy + (~7ycoso + Z2smn¢ VV? dy (24 
ta 7 Jt 1 ] 
Hence, the total external work is 
: rr o. iia A ie bo is — 
| T Kes K Tr y COS ¢ Vedy — V*dy + V-dy — 
la ' /7W) 7 ad 6 I F b, —_ Dd, Jd . 
) sh 1 . 
} vV*dy | + 2 sin ¢ Vd 25 
by — 2do « . J0 
[The condition |” I”, yields, from Eqs. (19) and (25), 
] ydy — (ve — vp)dy — (y. — y,)dy 
T J 0 J 0 J bh 1 
T : _ = - (26 
D,-t bo A ; : y COS ¢ : ’ ; ' : 
Y cos¢ +2sing V-dy — 2d V-dy + 2(bo5 — d V-dy - 
by — 2d, J 0 a bh, — Bd J0 . att i : 
Ja . rs bd i 
- / COS v 
y)"dy 
h — 2d. e 
where the expression within the braces in Eq. (25) is written in a somewhat different way. From Eqs. (10), (16), 
ind (17),in Eq. (26), 
y. dy (bo) 2) [11/82) Fi + Ao? + Ks?) cos ¢ + (F; + Fy) (1 + 4A.? 4 9K") cos ¢ 4 
B°Fe6(1 + 16A.* + S1A3") ‘cos® ¢| (27 
Here /\, F3, Fy, and Fg are given by Eq. (12), where the ; 
EVALUATION OF THE PLASTIC BUCKLING STRESS FOR A 


C coefficients now refer to the elastic range and are ; : 
given by Eq. (64) of reference 15, so that aa, Sa 

Eq. (26) was evaluated for the case that the height 
b !, so that 


( Coo E/(1 — v*);: € vE (1 — v? (98 d of the plastic regions in Fig. 6 1s d 
( E/\2(1 + »)]; Cis Cos = 0 also d by 4. It was further assumed that, in Eq 
(22), 4 Cxa/ F V 3 
where vy is Poisson’s ratio in the elastic range. The : ; 
‘ . ici. gh In Eq. (29) y, and y, are given by Eq. (16), where 
0 Tr r i OT , » > j : IH ive . 7 2 , y y : : > 
ther two integrals in the MEER SOE of Eq. — have F, to Fy follow from Eq. (12). For y, the C coefficients 
to be evaluated numerically, since 1n the plastic region are given by Eqs. (28). For y, the C coefficients are 
y can hardly be expressed in a convenient form. 1 hey defined by Eqs. (47), (50), and (51) of reference 15 
were evaluated by Simpson’s rule, so that, from Fig. 6, : a 
; ‘ : For the special case considered, where o, 7 V 3 and 
lor example, the second integral becomes : spate a a 
Go 0, Eqs. (66) of reference 15 apply. In the present 
. case i, 0, so that special care must be taken in cal 
v y,)dy (hy 3) [(h. — Wp)o + 4A(¥ Yr) t culating the C coefficients in order to eliminate 
This leads to the formulas for the C coefficients 
We — Wo)2 + Ae — Vos + We — Hy)sl (29 3 
e —(1 — 2v) (SE) + 15/(SE,)]/A 
, . . - l / -_ an ¢ +t. 2/(9F 
Here the subscripts 0 to 4 refer to the pivotal points Ci: LC 29) /E p/ ASE) I/O 
ca a : : ; ; ’ | — 47s ° L as ° 9 
0to 4 in Fig. 6 and hy is the oblique spacing of these Ci —[Cl — 2»)/(8E 3 (SE,)] V 374 
pots. The third integral in the numerator of Eq. ( [-—( — 2») /E +3 F,| A 20 
“6) practically does not require any additional com- C2 [(1 — 2v) V 3 (44)] A 
putations, since all terms are either equal to those for C [((1 — 2v)/(4E) + 3/(8E A 
the symmetrically situated points in the upper plastic A 9 (41 + 9(1 — 2y)/(8EE,) - 


region or equal and opposite to them. 
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| 
E:, iv these formulas is determined by Eq. (S), which, culated from Eq. (26) for given values of the angle , 
using the oblique distances and with do by 4, can be and of 8 ab. This leads to an expression of 7 j 
written as terms of A, and A3. To find the actual buckling stres¢ 


T-r, the values of y, 8, Ke, and A; have to be chosen ; 


such as to make 7 a minimum. 


31 ne ' , . : 
: he most convenient way for calculating the minj- 
The ratios E, E and the C coefficients were calculated pages buckling stress 7., was to evaluate Eq. (26) for 
for the points 0, 1, 2, 3, and 4 in Fig. 6. They also 5 different values of a = tan ¢(a = 0.4006, 0.5002, and 
apply for the points 16, 15, 14, 15, and 12, respectively. 0.6000) and with each value of a@ for 3 different ratios H 
Hence, the integrals in the numerator of Eq. (26) can p B U.8, 0.9, and 1). This leads for each of thes 
be evaluated. In the integrals in the denominator, er combinations to an expression of 7 in terms of : 
where now dy = bo 4, everything is known, so that they A, and A;, where A, and A3 were determined from the | 
: : : . iti 3 Or = > 4 ; xample. for 
can be integrated directly. In this way, 7 can be cal- conditions 07, OA» O7 OKs 0. For example, for | 
a = 0.6, B 0.9, one obtains, from Eq. (26), 
3.535 + 19.236A2? + 67.467K32 — 3.472K rk] 
0.514 + 0.514A.? + 0.514A3? + 0.946AK, + O.855K5K3 byt 7 
| | 
The conditions O07 OAs Or OK; = O yield A , 
0.1746, As; = 0.0338, so that from Eq. (32) + 5.S16S TALI 
rE *t). Since bo) = b/cos ¢ 2 (l— vp Smee : 
r* T/( bo°t). Ince b b’cos g and EI l 1 \ Suchtine Gtvees Covficionts b 
(see Fig. 6), this gives a@ 8 k kn 
0.4006 O.8 $ 2077 
r = 5.8168(1 — v?) (cos? ¢)r?N/(b7t) = 0.4006 0.9 3.9479 3.93 
y , ; )997 
3.89227°N /(b4) (33 donee ig ee 
0.5002 0.8 3.9227 
ay " 5 ; 0.5002 0.9 3.8718 3.86 \ 
In a similar way the values 7 for other combinations anne eo ph ; ) 
of a and @ are obtained. The values & in the formula 0.6000 0.8 1 3070 
0.6000 0.9 3.8922 3.85 
r= hr2N (b?t) (34) 0.6000 1.0 3.9723 
for the nine combinations are given in Table 1. The 
values k,,;, for each value of a, given in the last column : : E f 
nae : teh ELASTIC BUCKLING STRESS FOR COMBINED SHEAR AND 
of Table 1, were obtained by determining the equation B 
: > “5 . : ENDING 
of the parabola for k, as a function of 6 that passes | sti 
through the three known points for 6 = 0.8, 0.9, and 1, Analogous to what was done in reference 1 the elastic 
and finding its minimum. In the same way, from these buckling stress was calculated for the case that, in terms 
three values ,,;, the minimum value of & as a function of o;,, the bending stresses are those belonging to the He 
of a was obtained. Itis k = 3.8495. Hence, for the same edge strains as occur in the plastic case above 
case of Fig. 6, with dy) = bo 4 and o,, = 7 V3, that is, from Fig. 6, assuming edge stresses ¢,, : 
3) _— 9) 9 4 hs pis . _ ¥ f 17 
© OF ORT //h2 ¥ ae ee aa 2¢,7 = 27 V 3. The buckling stress 7 follows fr 
Ter = 3.85 7°N/ (0%), Orp)cr = 6.6727N /(b*t) (59) iid . F : . sd sSoecge | 
Eq. (26) by the substitution d) = 0, so that 
a 
y dy 
rl f sii ‘ 
T b, 24 tho - } m uv 
(y cos ¢ + 2 sin ¢ Y°dy — (27 cos ¢, bo) yY°dy 
JV 70 
Us 
The numerator is given by Eq. (27), where F; to Fy follow from Eq. (12) and the C coefficients (for the elastic range 
are given by Eqs. (28). In the denominator ' 
be : \p 
l V%dy = (bo/2) (1 + Ke? + Ks?) 3% 
J0 , OT! 
*bo 
yV%dy = (bo?/4) [1 + Kz? + Ky? — (64/927)Ke — (192/252?) A2Ks] 38 for 
7 WV 
In a similar way as in the above plastic case it was found that the elastic buckling stresses are | 
Ter = 4.729°N/(67t) and (Greer = 27 V3 = 16.352°N/(b7t) 3Y in { 
stre 
For the same case from reference 16 a critical stress 7,, = 4.582°.V/(b7t) is obtained, so that for this case the present i 
method gives a result that is 3 per cent too high. This discrepancy is sufficiently small, since a similar discrepancy die 


will appear in the plastic buckling stress and only the ratio of these two stresses is of present interest. val 
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; 
ingle » PLASTIC BUCKLING STRESS FOR COMBINED SHEAR AND ECCENTRIC COMPRESSION 
bn With the data used for evaluating the case of Fig. 6, with d bo 4, it is easy also to calculate the case of com 
s SUTeSs : ‘ : >: - Ta : } ’ 
ie T ir and eccentric compression sketched in Fig. 7, where o,,/r a V/3. It is obvious that all -, and ¢ 
€ chose 2 ia 2 me . . . ae 9 ae Py - 
alues for the points 0, 1, 2, 3, and 4 in Fig. 6 also obtain for the points 0, 1, 2, 3, and 4 of Fig. 7 In the present 
— ise, however, the spacing h by) 8, instead of b) 16 in Fig. 6. Eqs. (15), (16), (17), and (20) for I’, and J’, also 
eC mini- pen ° : ° 
\ 4 ipply. Instead of Eq. (21), in the elastic region 
02, and J 2{1 — (y bo) Jo +) 
nt ratios ; r ‘ m > ° ° 
th | Hence, using Eq. (22), the external work in the elastic region is 
Ol ese 
terms of ‘ : , ! . 
, V rt 4a)Ao*r 271 y by) ] cos ¢ + 2 sin vy V°d 1] 
Irom the in . 
I ple, for 
r the plastic part it 1s 
i 
: 
| rt 4a)Ko*r(y cos ¢ + 2 sin ¢ } { 
Equating the sum of J’,, and I’,, to the total internal work from Eq. (15) leads to the expression 
y ) 
] 7A ¥ Y p/4yS 
| r= = : : 4:3 
| OD ) . ) j 
| z\y COS g +r SiN ¢ } ( —- ¥ COS © } a\ 2 ) COS ¢ } 
| * / J « yp 
In a similar way as for the above cases 7,, was calculated for the case of Fig. 7, with 4 len! ¥ V 3, with the 
following result 
T 1.75S27.\ ) v 3.045 77.\ ) 4 
' 
ELASTIC BUCKLING STRESS FOR COMBINED SHEAR AND ECCENTRIC COMPRESSION 
As far as known to the writer no data are available for the elastic buckling stress for combined shear and eccentric 
. compression. It can be calculated with the present approximate method. For the case of Fig. 8, with the same edge 
strains €,,, aS expressed in ¢,,, as in the plastic case of Fig. 7, 4 Oro T= 2V 3 and 
e elasti , , . 
; o Tre|h — (y/O yril — (y/0 15 
n terms ; 
1 Ene e.. > >) 
r to the Hence, from Eq. (20), 
ibove i 
aa V, = (9% /4a)K;"7 [1 — (y/bp)] cos ¢ + 2 sin ¢} F%dy 16 
VS fre . . . - 7 - . 
Equating this to the internal work |’; from Eq. (15), one obtains 
- 
a 
yay 
T ' | =» 
| T a} o} by 
ob h t ‘ : ie 
(y cus ¢ + 2s1n ¢ }"dy — (y bo) cos ¢ yv¥"d) 
7 J 
Using Eqs. (27), (37), and (38) this leads to 
range 
T 1.99 27.N /(b°t), Wickes 6.93 27.N (671 1S , ; 
from Eq. (34) for the edge stress ¢,, is here 7.81 (refer 
> : > ee ence 17). Hence for the average stre tr,/2 this co- 
- APPROXIMATE FORMULA FOR THE ELASTIC BUCKLING oe ; wane oe ee ee 
is : ; : , : : fficie 2 is 3.905, while for an equally distributed 
STRESS UNDER SHEAR AND ECCENTRIC COMPRESSION as + Se ae Sa _—— dis 
stress it is 4, or only 2 per cent more. Therefore, also 
Expressing the distribution of a, (see Fig. 9) by the in combination with a loading by shear stress, a plate 
ys , . . , . 
formula under an eccentric compression with a 1 may be as 
; b\ : sumed to behave about in the same way as under com- 
Or = Gre|l — aly; 9) | 19) ; jst . 
bined shear and equally distributed compressive stress 
yi is measured perpendicular to the edge; see Fig. 6 (a = 0). For the latter case, from reference 18, the 
QA - . . ~ 64:6 . . - ° ° 
ov in the case of the preceding section a = 1. If the shear critical combination of ¢, and 7 is given by the parabola 
I § ) 
stress is zero (in this case a = 1), a plate behaves - 
(7/ Teer)* T (Ce! Creer ] 50 


resent ‘ ha & ° 
pas about in the same way as if it is subjected to an equally 
icV z - = — 7 
epane distributed compressive stress (a = 0) of the average where 7,., OF Orocr are the critical stresses if 7 or g, act 
value o,, 2 of o,. The buckling stress coefficient k alone. As was shown in reference 19 this parabolic 
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relation means that the so-called reduced compressive 
stress is governing for buckling. 

On the other hand, for combined shear and bending 
(a 2) the following relation holds sufficiently accur- 
ately (see reference 20): 


(51) 


where Ty, OF Oreocr are the critical stresses if only stresses 
7 or only stresses o, (with the same parameter a) are 

As may be seen from Fig. 3 of reference 16 this 
No exact data are available 


acting. 
relation is conservative. 
on the elastic buckling stress for combined shear and 
eccentric compression. A good approximation may 
be obtained by a relation between 7 Ty, ANd Ore! Crever 
0 and 2, reduces to Eqs. (50) and (51), 
1, differs only 


that, for a 
respectively, and from the above, for a 


ITICAL 


SCIENCES APRIL, 195 


slightly from Eq. (50). This is accomplished by the 
relation 


9 \ ,/Q9)1 
LT) Seer? oT , {1 — (a’/32Z) Orxre/ Oreoer) T 


For the case of the preceding section, where o 


from page 361 of reference 14, 7,¢; 9.36 mV (6% 


and, from reference 17, o,, 7.8lx7N (b*t). Then 
Eq. (52) yields 
Te T 1.9577.V_ (672), 

Orecr Or, 6.7577N (b l 53 


This is in excellent agreement with Eq. (48), since com 
f the section ‘‘Elastic Buckling 


parison at the end <¢ 
Stress for Combined Shear and Bending’’ of the elastic 
buckling stresses for that somewhat related case with 
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combined elastic shear and eccentric compression. Fic. 10 





Plate subjected to special case of combined elastic shear and eccentric compression. 
Comparison of plastic case and associated elastic case. 
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those from reference 16, showed that the present for the normal as well as for the shear stre ‘ the dis 
energy method yields values that are about 3 per cent tribution that would occu with the same strain « 
too high tribution as in the plastic case, the plate would remain 


PHE ASSOCIATED ELAstTic Casi 


In the section entitled, “Simple Way of Understand- 
ing Equation (22),”’ of reference 1, it 1s shown for the 
ease of eccentric compression, with a@ not much smaller 
than 2, that in the plastic range, the deflecting forces 
acting upon the buckling plate are /, - times the de- 
flecting forces for the elastic case with the same edge 
strains. With that loading also the restraining forces 
in the plastic case were about /£, F- times those in the 
issociated elastic case, so that, if equilibrium exists in 
the elastic case, it will also exist in the plastic case. 
his resulted in a plastic reduction factor equal to the 
ratio (F,/E | 


meant that the critical ed ge 


at the upper edge. Jn other words, this 


strain €,, for plastic buckling 
to that for elastic buckling. 

\lso in the present case an elastic stress distribution 
1 be found where the stresses at any point are ££, 
This will be called the 


For the general case of com- 





case. 


tod fy 
sociated e€lastl 


bined shear and eccentric compression, as sketched in 
Fig. 10a, the associated elastic case is given in Fig. 10b. 
is equal to the edge stress o» that 


he edge stress a 
rl g re 


would occur if, with the same edge strains as in the 


lastic case, the plate would have been elastic—that is, 
oOo Oo (FE Bk Co (54 
where /,, is the secant modulus at the upper edge. 
Similarly, the shear stress at the upper edge is 7, 
rr fF (E E,,)7, so that 
T (EE) — 14Ir Ou Or; — llr 55 


T E/E — llr | Tyo oO — llr (56 


where /:,, is the secant modulus at the lower edge. 


elastic. 

Consequently, in the plastic case (see Fig. 10a), the 
—to,(O°w Ox and 2tr(O0°w- 
O0x0V;)dxidy,, exerted upon any plate element tdx,d\ 
are E,/E 
Fig. 10b), provided that the deflection w has the same 


deflecting forces, dxidyy 


times those in the associated elastic case (see 
shape in both cases. However, owing to the presence 
of shear stresses, the restraining forces will be reduced 
more than in the ratio £, / with respect to those in the 


associated elastic case. Therefore, from the above, the 


plastic reduction factor 7 o o,, With respect to the 
associated case will be less than (/, &: I. koand 
can be expected to be about between (/, £), and the 


smallest of the plastic reduction factors ny, and n,. for 


pure shear only and eccentric compression only, or 


Eyn/E 2? 9 st of n, and n BY) 


SALLE 


This requires first finding o,, for the associated elastic 


case in Fig. 10b, which can be done by replacing the 


varying shear stress by an equivalent constant shear 


stress 7,,, so that the associated elastic case in Fig. 10b 


is equivalent to the case of Fig. 10c. To express 7,, in 


terms of 7, 7, 7, Ya, and y, in Fig. 10b the external 


work done by the deflecting forces in the cases of Figs 
10b and 10c will be compared, in a similar way as is 


done in the writer’s method of split rigidities 


Only the shear stresses differ. They cause deflecting 


forces D on an element fdx,d\,, where and yy, areé 


orthogonal coordinates (see Fig. 6) of 


D 2tr(O°w Ox, OV; )dxidy 2tr|(O"w Oxvdy 
O°w Ox") sin gldxdy (5S 
Here x and y are oblique coordinates (see Figs. 6 and 


10d). With a deflection as given by Eq. (9) the work 


done by the deflecting forces on a part of the plate be 


Floure the of listribution in the associated elastic ca tween two nodal lines and between y QO and y 
CHCE THE STVCSS AILSTTl Tl l tHe ass lated elasti ase, ; - - 
Vo, (Fig. 10d) is 
. Ow w 
] Dw zi — sin ¢ }) axe 
2 Jo Jo Jo Jo Oxoy On 
ye) 
(mr? Pajt sin ¢ 7 \"d\ 
J0 
Hence the constant shear stress 7, that is equivalent to ; 
ance with the more accurate result using Eq. (10 


does the same external work as) the triangular stress 
distribution with edge stress 7,, in Fig. 10d is 


T r\V"dy V*dy (60 
0 0 S 


t, Was first calculated by assuming FY in the form of 


Eq. (10), using average values of A» and A; as found 


in the previous calculations. To obtain a more simple 


expression, ) then was assumed to vary parabolically, 
so that 
(61) 


r 1K [(y (bo) — (y be)?] 


It was found that the result was in satisfactory accord- 


With the triangular stress distribution (see Fig. 10d 


r=7,(1 — (yy 6 
and using Eq. (61), Eq. (60) yields, with the substi 
tution Vo, 0 vy, © (see Fig. 10d 

T [(va b)® — 3(y_b)4 + 2.5(y, b)* Ir (63 


Hence, the shear stress distribution in Fig. 10b is equiv 
alent to a constant shear stress in Fig. 10c¢ of 
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where 7, and 7, are given by Eqs. (55) and (56). For 
materials with a diagram like mild steel the distances 
yq and y, are the widths of the upper and lower plastic 
10. For materials with a 


smooth stress-strain diagram y, and y, should be meas- 


regions, as shown in Fig. 


ured up to the points where the proportional limit can 
Also 


associated 


be assumed to be reached, as shown in Fig. 11. 
then the the 
elastic case can be assumed to vary linearly over the 


shear stress distribution in 


distances y, and y. From Fig. 11 and Eqs. (55) and 
56), Eq. (64) may be written more generally as 
if rT, 1 Va b)® — 3(¥q/b)4 + 
2.5(y,/6 [(om Oru) — 1] 4 
[(v, b)® — 3(v,, b 
2.5(y, 6 [(o og —- ]]j 65 


DETERMINATION OF THE PLASTIC REDUCTION FACTOR 
FOR THE CASES INVESTIGATED 


In the case of combined shear and bending, computed 


in the foregoing, in Fig. 6 the distance d b 4, so that 
oo) 2¢,,. Hence, in Eq. (65), 
Va v b4 and on Ory O02, Fr! oy Oz, - 


This vields r,, 1.05667. Further, in the equivalent 


associated elastic case (Fig. 10c), 
oO 00) 20 27 V } 
so that the ratio o,,/ T,4 3.28. From reference 16 
this gives 
Oy 15.27 9°N/(b7t) 


From Eq. (35) the buckling stress for the pertinent plas- 


tic case is 
wc 6.67 97N (b7t 


Since it was found from Eq. (39) that for a similar elas 
tic case the present method gives results that are about 
3 per cent too high, it may be concluded that the actual 
value of o,, is about 6.50 77.V /(b7t Hence, the plastic 
reduction factor for this case, where in Eq. (49) a 
15.27 0.425. 


combined shear and eccentric com- 


2,18 tee = 6.50 

In the case of 
pression, evaluated in the foregoing for the case a i 
10b, and 11, o o 


from comparison of Figs. 7, ' 
2. Further, y; b 2 and y, 0, so that 


On oC 


from Eq. (65) in the equivalent associated elastic case 


see Pig. lic) 7, 1.1567. From Figs. 7 and 10 
CG; C01 26 27 V 3 Hence, in Eq. (52 
/ ~ , 19 

T 1.1567, o STW BaF 5.3672.N /(b7t 

and 
a ] 
From reference 17, for a i 
Orsee 7.81 272.N /(b7t 


Insertion of these data into Eq. (52) yields 


r = 1.882r?N /(b7t) 
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TABLE 2 
Plastic Reduction Factors 
¥ } E u 7 
2 5 125 0 125 9 
l 5) $25 ( 165 15. 
so that the critical edge stress 
7 6.51 77V ) 


DESIGN FORMULA FOR THE REDUCTION FACTOR 


For both plastic cases that were computed (@ = 2 and 
1), the ratio /,, - at the upper edge (with the 
is 0.5, and E,/E 0. 


duction factor y, for pure shear is given by Eq. (75 





compressive strains e, 


reference 15 and is given graphically in Fig. 2 of 
ence 23, as a function of k,’Hand #, FE. For F 
0.5and E,/E = 0,n 0.425. 

The reduction factor n, for eccentric compression onl 
is given by Eq. (22) of reference 1, where 7 refers to pure 
t of reference 1 or Fig. 1 


5 and E,’/E 0, 


of reference 1, with (/: 


From Fig. 
E./F 0 


) 


Hence, from Eq. (22 


compression. 
reference 23, for 
0.45. 

0.5 for a 0.5 and 0.465, respectivelh 


E/E Also listed 


the values n,, 0.425 and 0.453, obtained in the pre 


2 and 1, 7- 


/ 


» N, and n, are listed in Table 2. 


ceding section for a Z 


and 1, respectively. Indeed, 
the values of n,. are in accordance with expression (37 
To find a design formula for 7,, it is remembered that 
for the case of combined shear and homogeneous com 
a 0 19, Eq. (27 


of reference 19 applies, so that, with the present not 


pression from references 15 and 


tion, 

n Vhs + oo 7 5 
where } og, tT and y, and », refer to the same equi 
lent stress o V o-? + 37°. Hence, a formula for 


nee has to be found that, for a 0, reduces to Eq. (bt 
») 


Further, from Table 2, for a 2, nse Should practically 


reduce to n,, while, as shown above in connection wit! 


: 1 it should differ 


the development of Eq. (52), for a 


only slightly from its value for a 0. This 1s a 
complished by using the same fifth power of a as m 


Eq. (52), so that 


where y = o;,/7 and 7, and yn, refer to eccentric com- 


pression and shear for the same /, and £, as occur at 
the 


for the combined case. 


upper edge (with highest compressive stress 


The values »,. from Eq. (67 





PLASTIC BUCKLING OF SIMPLY SUPPORTED PLATES U1 








re listed Table 2 as n,. (67). They are in good Hence, also for pure bending or eccentric compression 
ire St n , 
wreement with the actual values 7,, listed in the pre- the same good agreement may be expected to exist 
‘ eding column. Buckling tests under pure shear have been published 
149 in reference 24 and 25. In Fig. 12 the dashed curve 
COMPARISON WITH TESTS is the axial stress-strain curve for the aluminum alloy 
4 S-O used in reference 25 jotting tl juiv: 
No tests are available on plastic buckling under <4 used in reference 25. Plotting the equivalent 
mbined bending and shear. However, for pure com- plastic buckling stresses ¢,, r, V 3 from the author's 
oression the experimental values are in excellent agree- theory versus o,, £: tr, V3 &, where 1, is the elastic 
ent with theory. References to that effect have buckling stress 7, T, Ns, 10 a similar way as was done 
en given in the introduction and in reference | in Figs. 11, 12, and 13 of reference 9, the solid curve 
These results have been substantiated in reference 24 in Fig. 12 is obtained. The plastic reduction factors 
it lower 
| Oks: 
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Fic. 12. Stress-strain diagram (dashed) and ogp Vs. oge/E diagram, with results of shear buckling tests by Gerard 
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Fig. 4/3 
Fic. 13. Diagram of plastic reduction factor », vs. plastic buckling stress in shear with test results by Gerard and 
Peters 
n, used are those for a long plate under pure shear, as value 
derived in reference 15 and plotted in reference 23. MS 
a r 0.535 L.S¢7 OS 


From reference 25 the elastic buckling stress for the 
plates was 7, 6.7h(t/b)*. Plotting o,, t V3 
versus o,, E t, V 3/E for the tests, where 7, are 
the experimental buckling stresses, the small circles in 
Fig. 12 are obtained. There is considerable scatter, 
but two points are on and above the theoretical curve. 
In Fig. 13 for the same case the solid curve results from 
plotting the theoretical », values versus the plastic 
buckling stress 7,, while the circles show the test results, 
where 7 Fn} Tas 

In Fig. 13 also the theoretical reduction factor 7 
for the material used in reference 24+ has been plotted 
versus T,, again using yn, for a long plate under shear, 
resulting in the solid curve to the right. This curve is 
only slightly above that for a square plate, marked Ref. 7 
and 7a, used in reference 24 in the corrected Fig. 5(b), 
given in Errata No. 1, NACA, Langley—S-2-54-825. 
The tests are presented by the crossed circles. Here 
the tests are all below the theoretical curve. Besides 
eccentricity, which causes also the elastic buckling 
stresses of about 20 ksi. to give n, values below one, the 
reason for this discrepancy is apparently that the 
criterion of shearing energy, on which the writer's 
theory is based and which makes the equivalent axial 
stress o, equal to 7 V3, does not completely describe 
the behavior of the pertinent material in the region of 
pure shear. The actual behavior apparently deviates 
in the direction of the criterion of pure shear, where 
o, = 2r. To take this into account it is suggested 
n; be calculated by assuming that a pure shear stress is 
equivalent to a compressive stress of the intermediate 


Hence, for finding 7,, one determines /, and £:, fron 


the uniaxial stress-strain diagram for o = 1.S77 and reads 


i iD 


n; from Fig. 2 of reference 25 for the pertinent 
and F, F ratios. 

Using this value of o, the test points from reference 
25 in Fig. 12 are indicated by crosses, so that in this 
way the theoretical curve is not too high. In Fig. 13, 
instead of the solid curves, the dashed ones are ob 
tained, so that also here the agreement 1s satisfactor 
if one observes that for higher values of 7 the average 
discrepancy is not greater than in the elastic range 
Actually, for the three tests with highest discrepanc\ 
(circle denoted by 3), for 7 33 ksi., the theoretical 
buckling stress, as calculated in the proposed way, 1s 
36 ksi., so that the discrepancy is only 8 per cent, while 
in the elastic range the discrepancy is maximum 10 per 
cent. 

In accordance with Eq. (68), for calculating 7 fron 
Eqs. (66) and (67), 7. and 7, should be obtained frou 
Eq. (22) of reference 1 and Figs. 1 and 2 of reference 
23 for &, and F, belonging to the equivalent stress ¢ 
at the upper edge, determined by 

G = 6,7 + (LBiFr Or” T 3.0T Ov 
INVESTIGATION AND DESIGN OF A PLAT! 

A stress distribution is assumed, in the way explained 
in the section “Stress Distribution Prior to Buckling 
of this paper. Let the normal edge stresses be o. and 
o,, (see Fig. 11) and let the constant shear stress be 7 
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[Then one determines the associated elastic case. The 
normal stresses o, 1n this case follow directly from the 
normal strains in the plastic case as Ke,, where EF is the 
The edge stresses in this elastic case 
ire oo, and o Fig. 1] 


in Fig. 11 are equal to the widths of the plastic re 


lastic modulus. 


see The distances y, and 
hat is, Where the stresses are above the propor- 
tional limit all values are known, 
1O0c 


edge 


Then in Eq. (65 
for the equivalent elastic case (see Fig. 
The 


stress [OT this case is O;, Oo. 


largest compressive 


The buckling stresses 


be calculated. 


;,, and o,, for this equivalent elastic case can be found 
rom reference 16 1f @ in Eq. (49 


If @ differs from 2 they are given ap 


is 2 (combined shear 


id bending 


roximately by Eq. (52), where r+ Tez and 7,,, and 


are the critical stresses if only 7 or only o, (with 
With the known 
Then 


in the plastic case is 


the same parameter a) are acting. 


ratio o,, T Ore Teg, Eq. (52) is solved for o,,. 
the actual critical edge stress ¢,, 
7 * NscT res 


ind 7; in Eq. (67 


where 7, is given by Eq. (67). 9 
are the plastic reduction factors for 
eccentric compression only and for pure shear, respec 
tively, for the ratios k, / and £, £ that prevail at the 
upper edge (where the compressive strain is largest). 
and /, are found from the uniaxial stress-strain dia 
gram at the equivalent compressive stress o, from 
For a stress distribution as in Fig. 10, /, 


(22) of 


Eq 69 

uy C0 E 
reference 1 where yn) can be read from Fig. 1 of reference 
Fur- 


and &£, 0. yn. is given by Eq. 


23. n. can be read from Fig. 2 of reference 23. 


7 is the actual 
If the value 


ther, in Eq. (67), ¥ or, T, Where 
constant shear stress in the plastic case. 
of (¢ry)cr 18 higher than the assumed edge stress o,, the 
plate is stable. 

To find the required thickness for withstanding a 
given stress distribution, with an edge critical stress 
o,, one determines (¢;,)-, in the same way as explained 


above and expresses it in the form 


Ory Neck. (w7V bt) k,(2*N/b*t) = 


0.905k, E(t 6)? 


where &, is the buckling stress coefficient for the asso- 
ciated elastic case and k, is the plastic buckling stress 
coefficient. 

Hence the plate thickness required for an edge critical 
stress o,,, aS assumed, 1s 


i = 1Odte., k,E)' “b 


(70) 
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The Interaction of a Reflected Shock Wave 
With the Boundary Layer in a Shock Tube’ | 


| 


Herman Mark” 


Graduate School of Aeronautical Engineering, Corne 
Ithaca, N.Y I 
October 24, 195¢ 
INTRODUCTION | 


shock from the closed end 


[° ALLY, the reflection of a 
shock 


tube provides a slug of stationar high-temperatur 


gas very useful for study in a number of important app! 


In the 
will cause the build-up of a boundary layer in the flow following 


real case, howey ef, the presence of the walls of the 
of this growing boundar 


shock wave be- 


fore reflection and adds complication to the simple picture of t 


the initial shock wave. The existence 


I 





ver causes attenuation in the strength of the 


reflected shock bringing the flow to rest Investigations hav 


been made to describe the viscous and thermal interactions of th 
and to explain the effects of tl 


initial shock.? T 


flow with the walls of the tube! 
the 


purpose of the present 


presence of wall on attenuation of the 


note is to report some of the results of 


analytical and experimental study, made at the Cornell Uni 
versity Graduate School of Aeronautical Engineering, of t 
interactions of the reflected shock with the boundary layer of the 


flow behind the initial shock and the effects of these interactions 


on the flow behind the reflected shock 


REGIONS OF INTERACTION 
Given the Mach Number J/, of the initial shock wave, t 
Mach Number .1/; of the ideal reflected shock wave may be 


culated from the interesting relation 


nM; = 1 


where 1/2 is the Mach Number of the flow behind the initial shock 
in the coordinate system moving with that shock (see referen¢ 
6, p. 153 If we examine the interaction phenomenon in a ¢ 


ordinate system moving with the reflected shock, the stiuat 


as presented in Fig. 1 is encountered 
us is the velocity of the 
and thus it is the 


system we Nas 
of fluid 


yundaries 


wall in the coordinate 


chosen, velocity of a very small layer 


close to the wall. Since we are searching only for the b« 


of interaction regions, it is sufficient for this purpose to describ 
the 


but < 


entire boundary layer [in which the actual 1/(y) is > Ms 
M;] by a jet of fluid of Mach Number 1/3; Us The 
use of sound speed associated with conditions 1 is based on the 
results of reference 1 wherein it has been shown that 7%, the tem 
perature at the wall after the passage of the initial shock, ca 
approximated by 7;. Thus we have 


very close ls 
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rl I Flow relative to the reflected shock S 
| 
9} | 
a — 
7 
6 
p 4 
P 5 
4 
3 
2 
| 
ce) 
M, 
Fic. 2. Pressure ratios of the flow behind the undisturbed 
ck Ps; and the stagnation pressure of the boundary laver 
to the initial pressure P, plotted versus the Mach Number 
f the initial shock .1/; 
= (2 1) WV? + (3 > + 1)MV Z 
is th i function only of 1/; and 4 
By comparing the stagnation pressure of the boundary-layer 
fluid described by ./g, with the pressure behind the reflected 
shock at 7; (Fig. 2) we can see that, in regions 1 and 3 of the 
Mach Number range, the stagnation pressure of the boundary 
ver exceeds the pressure behind the undisturbed shock. Thus 
we can expect the boundary layer to pass continuously under 
the foot of the shock and into the region behind reflection. We 
tice, however, that in region 2 of the Mach Number range the 
stagnation pressure of the boundary layer is exceeded by the 


shock. We 


a simple steady through flow of the boundary 


behind the undisturbed reflected cannot 


pressure 
erefore expect 


er fluid in this Mach Number range. Rather we expect that 


there will be a gathering up of this boundary-layer fluid in a r¢ 
gion adjacent to the foot of the shock—i.e., the fluid which can 
t proceed into the higher pressure region behind the reflected 
Hess* has suggested a similar phenomenon in the inter 
of shock waves with thermal boundary layers, and this 
is been investigated by Griffith and Bleakney 

Fig. 3 is a representative photograph of the interaction that 
value of MW, (Wi = 2.15 


4 is a schematic description of this interaction as 


is observed at a within region 2 of 


rig. 2, and Fig 
nstructed from many photographs of the phenomenon. The 
boundary-layer flow characterized by J/g; > 1 


2.00) passes through a normal shock and then compresses 


such is the case 


subsonicall Associated with this com 


to stagnation pressure. 





ession is the diffusion angle of the flow boundary which can 
Set lite clearly in Fig. 3 and which may be used to calculate 





vith good accuracy the angle of the main “‘foot’’ of the inter 
ictior rhe line extending rearward from the triple point 1s 
the boundary between that part of the main flow which has 






passed through the two oblique shocks of the 
part of the main flow which has passed through the single 


shock For Re ~900,000, where 


reflecting 





this flow picture grows as It gets further from the 

but remains geometrically similar—1.¢ quasi-steady or “con 
cal” situation exists. At higher Reynolds Number, the picture 
gradually changes (presumably as the boundary layer becomes 
turbulent) until the interaction of Fig. 4 disappears rhe re 
sulting picture is that of a normal shock propagating along the 
tube with slight concavities forward at the walls of the tube 
Doubtless this is the same interaction as that of Fig. 4 but of 

much smaller scale and so not visible as such in the phot gT ipl 


The upper limit of Re 900,000 for the interaction of Fig. 4 wa 


determined by two separate series of experiments. In the 
Number 


tance from the reflecting wall to vary 


series, Reynolds was varied by allowing only the dis 


In the second series all 


quantities were held constant, but the density was varied over 


transition obtained 


in appropriate range Although the Re for 
from each of these two series was approximately the same 
~900,000) it is as yet not certain that Re as defined above is 
universal constant for all shock strengths 

The interaction in the Mach Number ranges 1 and 3 of Fig. 2 


is of the type similar to that described by Griffith® in discussing 


shock 


the boundary 


boundary layers 
wk into the 


msidering the 


the interaction of waves with thermal 


In this case, laver can pass under the sh 


region behind reflection, and a steady flow (not ¢ 


growth of the boundary layer) is possible rhe interaction ts of 


the reflected shock is disturbed 


much less violent nature, an 


much less than in the case previously described. In the range 
, 



































f Re for which photographs were taken, the reflected shock 
ippears to be, in fact, almost undisturbed. It was not possible 
to verify experimentally the boundary between regions 2 and 3 
of Fig. 2 (14, = 6.45 for = 1.4) since y falls for diatomic gases 
in this temperature range, and the boundary itself moves rapidly 
to | er Mach Numbers as 7 falls As y falls, the value for 
Fic. 3. Typical photograph of the interaction of region 2, Fig. 2, 
shortly after reflection (Re<900,000 
4 
oe U, 
SELLER ESLELLLL LEE 
—s Uy 
Fic. 4. A construction of the interaction of region 2, Fig. 2, 


shortly after reflection (Re<900,000 
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1)-8/2.) Veri 


fication of the existence of region 3 and an experimental check on 


the crossover JJ; goes approximately as +/ 2(> 
the boundary between regions 2 and 3 was possible, however, for 


gas mixtures of suitable y and small y variation. In the actual 


experiment, argon, only slightly diluted with air (resulting 7 = 
1.62), used 
tained in region 2 for this gas mixture, but when the Mach Num 


was The double-foot wedge interaction was ob 


ber was increased above the corresponding upper boundary of 
region 2 (Fig. 2) (and Re 900,000), the mild interaction of re 
gion 1 reappeared 

Early publication of a detailed report of this investigation is 


intended 
REFERENCES 


and Hartunian, R. A., On the Heat Transfer to the Wal 


Rott N l 
Graduate School of Aeronautical Engineering 


S/ Tube, Cornell Univ., 
AF 33 (038)-21406 
Attenuation in a Shoch 


1956 


November, 1955 


Tube Due to Unsteady Boundary-Laye 


Report [Contract 
- Mirels, H 
Action, NACA TN 3278, August 
Hess, R. V., The Interaction of a Shock Wave with a Thermal Bounda 
Lave 
‘Griffith, W. C.,, and Bleakney, W., The Diffusion Analogy t 

t Shock with a Thermal Boundary Layer, Princeton Univ., De 

N RO61-020) 


, Interaction of a Shock 


unpublished 

» Interacti 

pt. of Phys 

ics, Tech. Report II-17 January, 1955 
Griffith, W. C Wave with a The 

Layer, Journal of the Aeronautical Sciences, Vol. 23, No. 1 pp. 16-22, 66 


ymal Boundary 


January, 1956 
Courant, R., and Friedrichs, K. O., Supersonic Flow and Sho Wave 
Interscience Publishers, Inc., New York, 1948 


Automatic Control With Artificial Inertia* 


G. M. Andrew 
Missile Division, North American Aviation, Inc 
October 31, 1956 


Downey, Calif 


SUMMARY 


The behavior of a second-order system with built-in artificial inertia is 


analyzed and illustrated on the records from the analog computer 


DISCUSSION 


— GENERAL TREND inl servomechanisms is to get as fast a 
response of the system as possible. This being an orthodox 
case, there are special situations where the slow response of the 
system can be very beneficial. The analysis given in this paper 
applies to such cases 

To illustrate, 
They 


they require an extremely fast servo; otherwise a large displace 


consider roll stabilization of small missiles 


inherent aerodynamic damping, thus 


have hardly any 


ment would build up very rapidly Increasing the rolling mo 
ment of inertia allows the servo to slow down and to do still a 
very satisfactory job by reducing the rolling displacement to a 
tolerable value 

As another example, take an airplane fuselage having a very 
slow first bending mode only slightly higher than the frequency 
introducing a 


of the aerodynamic pitching mode. By large 


artificial pitching moment of inertia, we can slow down con 
siderably the aerodynamic mode well below the frequency of a 
Thus 

rhe 


frequency interval between the servo frequency and first bending 


critical aeroelastic mode in order to reduce the coupling 


a servo much slower than the aeroelastic mode can be used 


mode can be used for accommodation of a filter which prevents 
the danger of excitation of an aeroelastic mode 

The basic problem will be illustrated on the pitching motion of 
the airplane simplified to one degree of freedom 

The equation of motion of an uncontrolled airplane can be 
written in operational form (for initial conditions zero 


s? + (M@/TI)s (Mo 


T)\l6(s) = 0 (1 


* Presented at the 9th Congress of Applied Mechanics, Brussels, Belgium 


September, 1956 
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! 
(for level flight Wg = MW, ) or ‘ 
gs? 4 2tw 5 + w,-) As = {) 
w, and ¢ being the frequency and damping ratio of the pit 
mode of the uncontrolled airplane 
When the airplane is controlled by an autopilot th ide 
servo (instantaneous response), Eq 1) shall be modified b 
term on the right side of the equation | 
s? + (M6/I)s + (Mo/I)|0(s) = (M5/1)6 9 


If we want to introduce artificial moment of inertia, the 


mand signal for the elevator displacement can be writte1 
d(s) = k s* kas kg) 0 


The first term in Eq. (3) represents artificial inertia, the se¢ 
artificial damping, and the third artificial stiffness. Substituting 


Eq. (3) into Eq. (2) and rearranging yields 


ffl + (Ms /Dk6|s? + ((Ma/1) + (Me/Dko 
[9 /I M5 /T)ke|\6(s) = 
or 
fs? + [(Mo + Msko)/I + Mk )Is 
(Mo + Msko)/I + Msko)] to 0 


From Eq. (4) we can see that an airplane with autopilot can | 
compared to an uncontrolled system if the inertia term is ir 
creased by (.1/5k 4 ), the damping term by (.\/5k4), and the stiffness 
by (\5ke) 

In order to see the effect of an artificial inertia term, numeri 
cal values for a typical configuration were substituted into Eq 
(2). In Eq that yielded E 


(4a) which was used in the analog computer 


3), kg and kg were assumed zero; 


The recording of 


the computer runs for different values of kj are reproduced in this 





paper 


(D? + 9D + 40)a(t) = (M5/Dk6 D*0(t } 


Fig. 1 represents the case for which kg = 0. Then graduall 


the artificial moment of inertia was added covering the following 
ko = 0.5 (Fig. 2), 1.0 (Fig. 3), 1.5 (Fig. 4), 2.0 (Fig. 5 
10.0 (Fig. 8 It can be seet 


values: 


3.0 (Fig. 6), 4.0 (Fig. 7), and 
clearly how a very nervous heavily damped system (Fig. 1 


slowly oscillating 


trans 


forms gradually by artificial inertia into a 


system (Fig. 8) having still a very satisfactory damping rati 
(which could be increased if desired by increasing the rate gail 
ka 

The above system had an ideal servo 
We can evaluate this influen 


For a real servo, assun 


the response delayed by time 7 
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, 
f eplac in Eq. (3), ¢ by (¢ T) and taking the Laplace 
i formation for initial conditions zero. The time lag 7 
i ges | 3) into Eq. (3a 
t ite ' 
g : i 39 } . A ya 
Ith ide Eypanding into series and taking only the first term vields 


Mdified by ‘ ks? kas ko 1 Ts \6 3b 


Substituting Eq. (8b) into Eq. (2) yields, after rearranging, 


la, the ¢ 
nice } | T's) MM 5k 
Wo 1 — Ts)Mgko| | : 
#7 i} ) 
I+(1 — Ts)Msko] $ 
the sec 


substituting To evaluate the influence of the real servo and the system with 
rtificial inertia, substitute = jw into Eq. (9 rhe vector 


k along the positive real axis now becomes complex, 


[sk wil Ms5k§) having a component along the negative 


9| 50 = winarv axis wl Mek. The vector signal is now inclined to 
e real axis at a lag angle y = tan wi) and has the magni 
tude VWs5k6 V 1+ 077 
= {) } 
] n } 
lot can + 


term 1s it 


he stiffness 
An Analytic Form of the Principle of Maximum 


n, numeri 
Power 


1 into Eq 
ielded Eq 


cording of Lalo b 
Diego, A Division of General Dynamics Corporatior 


November 2, 195¢ 


[ principle of maximum power,” outlined in heuristic 
i ¢ be 


form in reference can formulated analytically as an 


iced in this 





{ 
td 


graduall 


"following xtension of the principle of minimum energy of which the prin 
O (Fig. 5 . A 
Fig. ; f minimum total potential energy as used in statics and 





lton’s principle are well-known forms 

Consider a mechanical system whose motion is defined in 
scillating | terms of a family of functions w, 2, w (velocity components) of the 
ying rati rdinates x, v, z, f. The said functions are assumed to satisfy 
rate ga 


conditions of continuity and the boundary conditions and 
be defined through appropriate parameters by means of the 


O, assume 


mum conditions 


i SSIS u,v, w) dx dy dz dt; = 0 


' ' 
62} t>0 


influence 


integration being extended to the whole volume in the four 


msx, ¥, 5, ¢ 





Let us now assume that none of the functions u, w depends 


the variable f, while the system extends into the ¢ direction 
ther words, the distribution of u, v, w is the same at all the 


} 


sections of the system orthogonal to ¢. The integration in df is 


erefore immediate, and it can be extended to an arbitrary in 
nit) to multiply the remaining integrals. The extremum con 


| 
Sj 
| t | 
| lition ¢ n then be written 
o| 6 iS Sf . i, v, w) dx dy dz} =0 
52} ' Ss 0 


rval At, giving an arbitrary factor (which can be taken as a 
it does not contain the time anymore. The same way of 


soning is used, for instance, in the analysis by energy prin 


iples of the torsion of a bar of infinite length under Saint Ve 


its issumptions In that case, only three coordinates are 
w are displacements, and the energy principle is 
plied to a unit length of the bar in the direction of its axis 





* An obvious error in the last equation in reference 1 should be corrected 
dividing the energy term, instead of the two power terms, by the time 





factor (which can be taken as a unit 





ADERS 





B pplying the same deduction to a mechanical stem 
steady motion, the principle of maximum power ts found, an 
its expression It principle, pr 
vided that « connected wit the 
system, mmciuding the energy introduced at yi nit (that ts 
the power introduced X time unit, with minus sign) and the e 
d pated at every time unit (power dissipated X ti unit, 
with plus sign These signs are consistent with t form of 
minimum given above to the extremum conditi 

The assumption that none of the parameters depends upon 
the time is justified if the motion is stead It is seen, however, 


that the same conclusion is valid for a periodic motion, provided 


that the integral over the time is extended t ny number of 
complete periods. Also, random motions can be included, pr 
vided the transformable energy connected with t stem 1 
known to be a constant in statistical meaning, as in turbulent 
steady flows 

Consistently with the above deduction, the principle app¢ 
to be valid for linear and nonlinear systems 
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The Significance of Zero Shear Stress in the 
Pure Bending of a Wide Curved Bar? 


Q 


Bernard W. Shaffer* and Raymor 


New York University New York, and Americar B n Arn 


Corporation, Garden City, N.Y., Respective 


November 2, 195¢ 


SUMMA 
A general solution obtained for the displacements and strait within a 
wide curved bar made of an incompressible, perfect tic materia 
jected to zero shear stre rhe solution, which ally ble for the 
elastic and plastic regions of the bar that lar tior € n 
plane throughout the loading program 


INTRODUCTION 


N A RECENT PAPER, the authors have investigated the elasti 


plastic stress distribution in a wide curved bar subjected t 





pure bending The analysis showed that during the bend 


process the shear stress across every radial section in the bar 





is equal to zero, even though part of the bar is within the plastic 
range. It is the objective of the current paper to interpret the 
significance of these results in order to shed some light on the 


displacement problem 


As in the case of the previous paper, the curved bar will be 


inalyzed as a problem of plane strain. For the type of applied 


load being considered, the bending moment is the same in eacl 


radial cross section, and, consequently, the stress and strain dis 





tributions are functions of the radius 7 and not the 6 

The shear stress at each radial cross section ts equal to zer 
in both the elastic and plastic regions of the bar Consequentl 
the shearing strain within the entire bar is also equal to zer 
This follows from Hooke’s Law which applies in the elastic d in 





ind the Prandtl-Reuss Law? which applies in the plastic domain 


+ The results presented in this paper were obtained in the course 


search sponsored by the Office of Ordnance Research, Department of the 


Army (Ordnance Corps) under Contract No. DA-30-069-ORD-1398, with 
New York University 
lhe authors wish to thank Dr. P. G. Hodge, Jr., and Dr. F. Lane for their 


iluable suggestions on an earlier draft of the current nots 
* Associate Professor of Mechanical Engineering, New York University 
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In an attempt to find a closed solution of the problem and, 
therefore, one which may be relatively easy to apply, it will be 
assumed that the bar is made of a perfectly plastic material 
which is incompressible in both the elastic and plastic regions 
This type of assumption has been used previously in finding the 
solution of other elastic-plastic problems with reasonable suc 


cess 


PHE GOVERNING EQUATIONS 


If the radial, circumferential, and longitudinal components of 
displacement are called u, v, and w, respectively, where the 
longitudinal component of displacement is equal to zero be 
cause we are concerned with a problem of plane strain, then thi 


expressions for strains in polar coordinates may be written* 


€, Ou/or, e = (u/r) + (1 0v/00), « =O os = 0 (la 


0 (1/r) (Ou/00) + (dOv/O lb 


For an incompressible material the mean normal strain 


is equal to zero, and the displacement components, therefore, sat 


isfy the differential equation 
Ov / O80 ( Iu 0 ) 


With the shearing strain y,9 equal to zero, we may write 
second relationship between the displacement components 


namely, 
Ou/Od = 71 Ov, Oo } 


Eqs. (3) and (4) constitute a system of simultaneous partial 
differential equations from which we may solve for the displace 
ment components u and 7 The solution would, of course, be sub- 
jected to the appropriate boundary conditions. Since there 
exists one point within the bar that neither translates nor ro 
tates during the bending process, we may choose this point to be 


on the centroidal axis and write the boundary conditions as 
u = (), = (). ov/or = 0, it @ = Oand = (5 
where 79 is the radius of the centroidal axis 


THE DISPLACEMENTS AND STRAINS 


When the applied load is a pure bending moment, the stresses 
and, consequently, the strains are independent of the @ coordi 


nate hus, we may write, in view of Eq. (1a), that 
02u/d90r = 0 (6 


Consequently, should we differentiate E 


}. (4) with respect to the 


variable r, we find that 


or v= C(9) + C0 7b 


where C,\(@) and C.(@) are functions of the variable 6. On the 
other hand, should we differentiate Eq (4) with respect to the 
variable 6 and introduce the expression for 07/0@ and 027/0r00 


btained from Eq. (3), we then find that 
0% /00*? = Ou (Od Ra 
or u = F(r) + G(r) sin é@ + K, (r) cos 0 (Sb 


Upon comparing the expression for 04/00 obtained from Eq 
Sb) with the expression for 0u/O9 detined in Eqs $1) and (7b), 


we find that 


C; (0) = G(r) cos 0 K, (7) sin 6 a 

Obviously then, G and A, are constants, and Eqs. (9), (7b), and 
(Sb) may be rewritten 

v= K, sin @ + Geos @ + C: (0 10a 

u = F(r) + K, cos 0 G sin @ LOb 
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The functions F(7,) and Cs (@) may be evaluated by intr 


Eqs. (10a) and (10b) into Eq. (3 
0C.(@)/00 = [F(r)/r] — [oF 2) 
Each side of the resulting expression may be set equal to the « 
stant 28, and the system of equations may then b 
find that 
C; (0) = 2B6 + K;, F Br+(A 


where A and A; are also constants When thes 


introduced into Eqs. (10a) and (10b), they 





2Br6 K,; sin@ + Geos@+A 
“= A/y Br) + K, cos @ + G sin @ 
The constants G and A;, however, are equal to zer 
> boundary conditions 0v/Or = O and 10 
r = ro, expressed in Eq. (5 Consequently, the components 


the displacement may be written 


Mu = A f T Br T AK 4 ’ i 
rhe corresponding strains are, in view of Eq 


t | B i € 


DISCUSSION OF RESULTS 


An examination of the results obtained in the previous secti 
shows that the terms K, cos @ and A, sin @ appear in the expr 


sions for the displacement components uw and 2v, respective 


‘hese terms indicate a rigid body displacement of the entire bar 





parallel to the plane of symmetry. The remaining terms in E 
l4a) show that the radial cross section rotates Ov/Or or 2B 
ibhout the center of curvature Consequently, radial sectior 
remain plane after deformation 

When the effect of AK; cos @ is temporarily 


imining the implication of Eq. (14b), it can easily be seen tl 


the radial displacement wu is constant whenever r is constant 


ind, therefore, the surfaces of the bar remain cylindrical 

The previous discussion originated from the point of view t 
the coordinate system through the center of curvature rem 
fixed in space. Should we take a different point of view 
namely, that the center of the bar remains fixed—then the dis 
placement equations show that the center of curvature of tl 
bar translates a distance A; parallel to the axis of symmetry 
that each radial cross section rotates 234 

These conclusions agree with what one might expect sit 


with pure bending, every radial cross section is a plane of s 


metry and there is no variation of stress or strain with the angular 


ordinate. 


rhe constants which appear in the displacement and str 


equation can be evaluated in a more complete study of the elastic- 


plastic solution by using all the stress boundary conditions ass 





ciated with the problem. Their numerical values will 
the bar passes through the various stages of yielding 

In conclusion, it may be stated that general expressions ! 
displacements and strains were obtained directly from the 
ditions that the material is incompressible and that the s! 


stress is zero. These equations, which apply equally well in t 
elastic as well as the plastic regions of the problem, show t 
the curved bar will remain cylindrical and that planes will remat 


plane throughout its loading history 
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introducing Further Remarks on the Collapse Pressures of In Hoblit’s derivation, the jack is replaced by a stepped spring 
Uniformly Loaded Spherical Shells column—i.e., a column composed of the full-length cylinder 
to which the outside portion of the piston rod is connected by 
Dortram | means of a rotary spring; the spring is made to provide the 
on bof f Stre National Rocket Company, Culver City, Calif same elastic restraint as that afforded by the inner portion of 
a > 195¢ the piston rod, considered as a beam simply supported at the 
piston end and at the gi: nd rhe cyl er thus assumed t 
é THE I ADERS’ Forum of October, 1956, Reiss! has reope ned carry the axial load over its entire length so that the Pp yssibilit 
1S ar l’ ject of the buckling of spherical shells under external of the piston rod buckling within the cylinder is completel 
ar An attempt is made to explain the apparent scatter cluded; nor is any allowance made for the destabilizing effect 
boc t jlely on the basis of sudden changes in the deflected that this portion of the rod may have on the remaining structurt 
pe of the shell with consequent cusps appearing in the buck On the other hand, the part of the cylinder which overlaps the 
9 le according to new parameters. The effects of piston rod does not, in reality, carry any axial stresses and should 
gularities are not included tt be considere 1 capable of buckling Of these two effect the 
m pap First, let it be said that actual test data for this problem will former is generally the more important t least when the pisto 
; ; izable scatter even among shells of identical nominal rod is relatively flexible he assumption of the spring-colut 
aii Such data were obtained by Tagowa of Tokvo and leads then to an overestimation of the buckling load—1.e., to 
sented in a paper in the Transactions of the ASME of Japan unconservative results 
M4 bout t ir 1930. The author has seen this paper but unfor \ more satisfying model is obtained when assuming th 
14 tunately does not have a copy at present Even though com load carried by the piston rod over its entire length, while the 
; eres were tested at the time, the scatter should be rep cylinder portion extending from gland to piston 1s stresst mil 
, : ntative of what could be expected for shallow domes. On in bending. With the notations of Fig. 1, the deflected shape 
5 : f these facts, it is believed poor engineering practice of the column looks somewhat like Fig. 2(a), while the corre 
to make an empirical curve go through nearly all test sponding bending moments in the various members are rey 
nts is attempted in Fig. 1 of reference 1. If the possible sented by the hatched areas in Fig. 2(b In this scheme, the 
tter in test data is of the order of magnitude of distances be flexural stiffness of the cylinder and the beam-column stiffne 
US sectior tween cusps, these cusps may not exist ie realit, of the rod overlap over the common portion CD \ssuming the 
he expres Consider next Fig. 3 of reference 1 It could be interpreted cylinder and the piston rod to have uniform sectio ees 
spective from the figure that, for a given R/t, the shell with the larger El, and El, respectively —over their lengths, it : possible to rep 
entire bar nd hence 8, is stronger. This conclusion is not physically resent the centerline deflections of portion AC of the cylinder 
ms in Eq feasibl hus p in itself is not sufficient to define completely ind BD of the rod as ares of sine curves, portion CD of the 
J or 256 the pr lem both R l and 6 must be prescribed It 1s believed, cylinder as an are of a cubic elasti wo while the overl pping p rt 
1 sections further, that after reaching a certain value the effect of 8 upon of the rod is governed by a beam-column equation hese ¢ 
kling is secondary. This conclusion is substantiated by pressions contain altogether seven arbitrary constants whi 
ed in ex id Becker’ in a figure showing the buckling coefficient must be so adjusted as to make the various deflections and sloy 
seen that tted vs. a parameter, Z, the plot of which on log-log paper compatible at the points of contact C and D Oo restramit 
constant | res the plot of the buckling coefficient of cylinders in com against relative rotation at these poimmts needs be assumed 
iJ this would only introduce an unnecessary complication and po 
P I ttle the question once and for all, the author agrees that sibly affect the buckling load in an unconservative mannet 


Elimination of the arbitrary constants leads to the buckling 





test data are needed However, these tests should 








f view | be conducted on sets of specimens of identical nominal dimen equation 

1 the dis- sions to indicate the extent of the scatter of each point to be 1 1/3) (aid \. wid cot (aw wdleot (acd 

re of th plotted, and on specimens with constant R/t but with varying cot (a 
cid: diunten scala aaa where the lengths a, b, and d are as defined by Fig. 1 (the meanin; 

" of a is different from reference 1) and where a P/EI,)*/“, 
an a: REFERENCES a. = (P/E, i/2 The above equation serves to determine values 
piste “ ; EI , B P ‘ D of the parameters, and thereby of the critical load /?,,, at which 
Read Forum, Journal of the ne anit al Scien \ 23,N 0, pp equilibrium is possible in a deflected shape different from 

173-975. October, 195¢ straight line 

1d kK 1,B.,P I Q 

ee I ed Spherti Ss) Readers’ Forum, Journal of the Aer alia a a 
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wt . 
ms Buckling Loads of Pin-Ended Fluid Columns 
; hief Stress Engineer, Avro Aircraft Limited. Maltor 
‘ 195¢ 
f 
D' SIGN CURVES for hydraulic jacks subjected to compressive 
: loads were recently given by Forray,! based on formulas 








— ed by Hoblit.2 In the writer's opinion, these formulas lead a cin d me 
lable errors when applied to a jack in which the maxi 


a aes é : Fic. 1 (tet Idealized hydraulic jack Fic. 2 (bottom 
Ed., | mum compressive load occurs when the jack is partially re a) Assumed buckled shape; (b) bending moments in cylinder 
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A full discussion of this equation and of its solution is con 
tained in reference 3; this includes the various limiting cases 
in which one of the lengths a, 6, or d becomes vanishingly small 
or the cylinder becomes infinitely rigid. Numerical results are 
presented there for several values of the ratio EJ, / EJ. in the form 
of charts of which Fig. 3 is a sample. In the lower part, the 
buckling parameter uw; = a; /7 (equal to the ordinate LY P/E/, 
of Forray’s diagrams divided by 7) is presented as a function of 
the geometric ratios a/L and d/L. The upper part is a con- 
tour map for constant values of this same parameter. The 
critical load is obtained as P,, = w7y,7EI,/L?. 

Although different from Eq. (5) of reference 1, the buckling 
equation above requires for its solution only slightly more work. 
In the limiting case d = 0, both reduce to an equation applicable 
to a stepped column 


a; COt (a;a@) + ae COt (a2d) = VU 


As a further contribution, reference 3 shows how to make 
allowance for nonlinear elasticity of the material. The effects 
of transverse loading and of initial imperfections such as mis 
alignment, pin friction, ete., are also considered. Finally, a 
similar approach for the analysis of landing-gear oleopneumatic 
legs is indicated. 

Unfortunately, lack of time has not permitted to obtain nu- 
merical results which would cover as wide a range of stiffness 
ratios as Forray’s charts. This is the reason why publication has 


not been considered to date. 
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Effect of the Change in Thermal Stresses Due to 
Large Deflections on the Torsional Rigidity 
of Wings* 


Josef Singer and N. J. Hoff 
Research Fellow, and Head, Department of Aeronaut 


Engineering and Applied Mechanics, Respectively, Polytechy 
Institute of Brooklyn, Brooklyn, N.Y 
November 7, 1956 
N REFERENCE I, an approximate analysis was present ft 
reduction in torsional rigidity and of the torsional buckling 
f thin wings in consequence of thermal stresses. As the caley 


lations were based on a small-deflection theory, indefinit¢ larg 
deformations were predicted under any finite torque when ¢ 
temperature reached a critical value In reality, the thern 
stresses do not remain constant but decrease when the deforn 
tions increase. This reduction in thermal stresses results in d 
formations that remain finite at all temperatures as long as t 
ipplied loads are finite 

The thermal stresses denoted in reference 1 by ¢, = R f(y) wer 
the stresses arising in a wing of large aspect ratio in consequence 
of the condition that plane sections perpendicular to the span 
When the dis 
placements w perpendicular to the plane of the wing are finite 
2) (Ow/Ox in the 


wise (x) direction remain plane after heating 


they give rise to strains of a magnitude (1 
plane of the wing and therefore modify the thermal stresses 
reference 1, the deflections were assumed to be given by w = 
kxy, with & the angle of twist per unit length. Then thi 

caused by the finite deformations is (1/2)k?y?. Since no for 
is applied to the end of the wing, this strain must be accompanied 
by an average shortening of the wing to ensure a zero resul 


spanwise force. The average shortening ¢€ is 


6 = (1 | hdy | h(1/2)k?y? dy 
* b ‘ . b ‘ . 


Hence th thert 


where / is the thickness of the wing at y 


stress of the large-deflection theory can be given as 
*h 7} 

E/2)k? >" (1 | h dy) { ny" d y| 

\ « b . 0 J 


If a virtual displacement increasing k to k + 6% is undertaker 
the work done by the applied torque -W/ is 


6Wy = 2a bk 


where 2a is the span of the wing. In reference 1 the shortening 
of the horizontal projection of the distance between the end 


points of a spanwise fiber of the wing was given as 


Consequently, the work done by the fictitious edge stresses 


during the virtual displacement is 


*) 
6W, = { : ho, 6Aa dy = (2aRIk 


. 


where 


7} D 
I -{ hy*f(y) dy and K = / hly Qeo/k?)y?] dy (é 
;<—.<* <= 


If the wing is in equilibrium, the sum of the work 6IVy, 
must be equal to the change in the strain energy UL’ stored in the 


wing. One obtains from reference 1 

6U = 2a k GC bk 
where GC is tl 
Finally, the condition of equilibrium can be stated as 


e torsional rigidity according to St. Ven 


GC RI + (1/2)EKk? = M/k = GC, S 


Excerpt from a thesis submitted to the Polytechnic Institute of Brooklyn 
in partial fulfillment of the requirements for the degree of Doctor « f Aer 


Tr 2 1f 
The work was carried out under contract AF33(6! 


nautical Engineering 
it Air 


Development Center of the U.S. Air Force 
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> SMALL DEFLECTION THEORY ‘ , 
< f T=T rT (y/b, 
z / a 
; LARGE DEFLECTION THEORY 
< 
00 1683 200 300 
TEMPERATURE T, IN °F 
Fic. | Angle of twist per unit length of wing under applied 
torque, 1/7 =400 in. Ibs 
ere G( is the apparent, or effective, torsional rigidity of the 
wing in the presence of the given thermal stresses and at the ro 


When k = 0, 
Increasing rotations & stiffen the wing in 


the effective torsional rigidity of refer 


tation R 


nce 1 is obtained 
yortion to Rk? 
the 


When the thermal stresses and the torque VJ are given, 


ingle of twist & can be computed from Eq. (8) through solution 
facubic. The finite deformations of the wing under thermal 
stresses exceeding the critical values of the small-deflection theory 
nd in the 


Eq. (8) ul 


ibsence of an applied torque J can be obtained from 


V7 is set equal to zero. The solution for & is 


k = }(2GC/EK) |(R/R 


— 1)}'/4 (9 


where R,, is the critical value of R according to the small-deflec 
GC/I 
1 presents numerical values computed for 
(flat plate 
The temperature distribution is given by 


the material constants are E = 29 X 10° psi, 


tion theory of reference 1—namely k,, = 


Fig a wing of con 
when the chord 2A is 20 
T=%h+T X 
Oo X 
applied torque 


nt thickness A = 1/4 in 


aq@~= 4 


I , and Poisson’s ratio vy = 0.3; and the 


= 400 in.lbs. The alleviating effect of the large deflections 


be clearly seen in the Figure 
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Leading-Edge Temperature of a Flat Plate 





Subjected to Aerodynamic Heating 





\. E. Bryson, Bernard Budiansky, and George F. Carrier 
L of Engineering and Applied Physics, Harvard University 
t ad r age Mass 
N or 8.1956 
éW, 
1 in the SYMBOLS 
Vf Mach Number 
a Prandtl Number 
‘ tree-stream temperature 
ee equilibrium temperature ] 1+ 1) /2)M 
Cll it 
initial equilibrium temperature 
final equilibrium temperature 
g elocity of sound in air 
i 


rrooklyn 
of Aero- 
33 (616)- 


ight Air 


specific heat of plate material 


heat-transfer coefficient, for isothermal plate in laminar flow, at 


1 distance 5 from leading edge [see Eq. (18 
thermal conductivity of air 

thermal conductivity of plate material 
transform variable 


recovery factor (= 0.85 for laminar boundary layer 


ransform variable 
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t = time 
rise time (time to achieve | c t timate t perat 
crease 
distance from plate leading « 
plate thickness 
ratio of specific heat 
temperature parameter 
kinematic viscosity 
nondimensional plate coordinate 
mass density of plate materia 
nondimensional! time variable [see I i 


INTRODUCTION 


EFFECT of chordwise heat conduction is often neglected 


| HE 


in the analysis of the transient aerodynamic heating of air 


foil skins, and little error is incurred by this neglect when the 


chordwise variations of temperature and heating rate are sma 


At the leading edge, however, the usual boundary-layer assump 


tions imply that an infinite heat-transfer coefficient governs 
the convective heating rate If chordwise conduction is sup 
pressed, this infinite heat-transfer coefficient forces the leading 


edge to attain the current equilibrium temperature with zero 


time lag. The purpose of the present note is to provide a mor 


realistic basis for the estimation of leading-edge airfoil tempera 
of conduction in the anal 


thickness 


tures by incorporating the influence 


ysis of a semi-infinite flat plate of constant subjected 


to a sudden increase of forward speed The convective heat 


transfer is assumed to take place through a laminar boundar 


layer on one side of the plate, and assumed 


thickness 


temperatures are 


constant through the plate 


FORMULATION OF THE PROBLEM 


The governing differential equation is taken as 
6(0?7°/Ox 


d\7{t 1(x, t 
Ho l 
r 0 X \ > 


(pm€md) (OT /Ot) = k 


where the left-hand side represents the rate of heat storage per 


unit length of plate, and the two terms on the right-hand side 
represent, respectively, the heating rates per unit length due to 
conduction in the plate and convective heating from the laminar 
boundary layer. The convective heating term, derived in refer 
ence 1, takes approximate account of the fact that the plate tem 
perature is nonuniform 

We shall assume that for ¢ < 0 the plate is at the uniform tem 
perature 7; equal to the equilibrium temperature corresponding 
to its initial Mach Number; at ¢ = 0 the plate is instantaneously 


accelerated to a higher Mach Number We now let 
¢é=(7 1 1 7 2 


where 7; is the equilibrium temperature corresponding to the 
final Mach Number. We also 


independent variables 


introduce the nondimensional 


e = hi/k ) 
Then, since 7,(t) in Eq. (1) may be replaced by 7, for 
Eq. (1) may be reduced to 
vs 
ag rT 
0, = 9 Ll/V az a) 
J: 0 
for.r > VU 
The initial condition on @(£, 7) 1s 
ae, VO = ] rg 
and one boundary condition is 
840. 7 = () Se 
which stipulates that there be zero heat flux through the plate 
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cross section at the leading edge. We shall also make use of the 


requirement that 6(£, 7) remain bounded as £ becomes infinite 


SOLUTION FOR LEADING-EDGE TEMPERATURE 


Let @(s, 7 


of @(£, 7 


S* 


represent the Laplace transform with respect to 
then, from Eqs. (6) and (8), 
s%4 (0, r) — 6, VY s0 =0 g 


Now, let 6*(s, p 


4(s, 7); then, from Eqs 


be the Laplace transform with respect to 7 of 


(9) and (7), 
s-4* s6*(0, ¢ pe* " l/s . Vv cA* = () 10 


where 6*(0, p) is the Laplace transform with respect to 7 of @(0, 7 


Then 
“W , p) = s[a*(0, ft (1/s? (s?§-— Vs t 11 


The following argument is now presented for the determination 
of 6*(0, p), the inversion of which would provide the desired 
leading-edge temperature history: 

Consider the inversion with respect to s of 6*(s, p) by means 


in this inversion 
Now, for all 


of contour integration in the complex s-plane 
process, p is regarded as a positive real number. 


real, positive p, the equation 


= () 12 


P= Ts = 2 


has precisely one root in the right half of the complex 
Consequently, it must be true that the equation 


has the identical root; for, if this were not so, 6*(s, p) would have 
a pole in the right half s-plane, with the result that 6*(£, p), would 


become infinite for &— o; but this would violate the requirement 


that @(é, 7) be bounded. Hence 
6*(0, p)= 1 q 14 
where g is the positive real root of 
( -p=0 13 
Now, let = ({ l= ‘and 8B = p + then 
] = £8 
and we fay write 
g, = > a," 
=] 


where the coefficients are given by residue theory as 


= Res [g(8)/38"*)] = Res [g8’(g)/8(g)"*"] = 
8=0 £ 0 
r|(3n/4) + 1)/n!r[2 n/4)] 
Hence 
6(0, p) = (1/q) = (1% b) = (1 , 
> (-1 {1'{(3n/4) + 1)/n!0[2 — (n/4)]! 
n l 
Finally, term-bv-term inversion gives 
1 )"7 
AO,7r) = l oe 16 


for all values of 7 
An asymptotic expression for 6(0, 7) for large values of 7, found 
by the method of steepest descent, is given by 


~ 9 = BT /4 7i2 ( 
= (52/VY 6 é 7 Li 


AO, rr 


NUMERICAL RESULTS 


The results obtained from Eq. (16) for (1 — 6) = (7 1 

Ty 7;) are plotted against the time parameter 7 in Fig. 1. It 
is seen from this Figure that 63 per cent—i.e., 1 1 /e)—of 
the ultimate temperature increase takes place in a time (* = 


T 
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Fic. 1 Temperature history at the leading edge of 
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Fic. 2. Rise time at the leading edge of a 1/10-in. steel p se 
vs. altitude and Mach Number. Rise time = time to 63 per Me 
of final temperature increase = 





0.40(8,,,. /hé PmCme/h F 
a plot of seconds versus altitude, for various 
Mach 10-in 


preparation of Fig. 2, the formula used for h was 


wr illustrative purposes, Fig. 2 s! 


the rise time ¢ in 


Numbers, for the case of a 1 steel plate 


1.332) (Ry /6 faé/v)'!2 (P lJ 18 
ind the variation of f(.1/) with Mach Number was taken fr 
reference 2. Since / is proportional to 6~'/2, it follows that 


is proportional to 6 





for other thicknesses, therefore, 


the rise time shown in Fig. 2 by (106)*/3; for aluminum multiply 
the rise time by 1.12 

It may be remarked that the present results for plates heated 
from one side may be applied approximately not only to airfoil 
skins but also to solid wings having blunted leading edges if 


is taken as half the leading-edge thickness 
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Vortex-Ring Cascade and a Conjectured 
Model of Transition to Turbulence 





INTRODUCTION 


[ rHE sTUDY of turbulence the mechanism which governs the 

ysition from instability to full turbulence has not vet been 

nderstood nor has the development of a tripped transi 

It is the purpose of this note to report an interesting vor 

ring cascade phenomenon observed and to present a con 

ured model of transition to turbulence. The model seems 
rticularly suited for phenomena of tripped transition 


VORTEX-RING CASCADI 


The writer's attention was first drawn to the fact that a smoke 


under suitable conditions, can reproduce smaller vortex 


gs. However, due to the highly 


ir, it is difficult to ascertain the details of the phenomenon. The 


turbulent condition of the 


e drop in water technique of generating rings was found to be 


h more instructive. Figs. 1(a)-1(d) form a sequence of pic 





tures showing the development of a vortex-ring cascade 

This phenomenon can easily be observed by simply letting a 
e drop enter a quiet body of fluid. The development can be 
riefly traced as follows. The entering dye drop will first form 
vortex ring. Neglecting the viscous diffusion, a vortex ring, by 
tself, will move with a certain translational velocity and main 
in its size. However, if the dye has a density slightly different 
rom that of the fluid, a gravity force due to the density difference 
vill be acting on the dye filament. Let us suppose a heavier 
lve for definiteness. Under this gravity force the ring will be 
celerated downward and will expand in size owing to the Mag 
us effect. As the vortex ring moves down, some parts of it be 
me distorted as shown in Fig. 2(a These parts gradually 
we away from the plane of the ring, drawing the filament with 
em. Eventually a number of smaller offspring vortex rings 


form and lie in planes, displaced away from that of the mother 





The number of the offspring rings is not definite, prob- 
As many as 


& 


bly because of the variation of the original rings 


ve been observed. The new vortex rings generated will 


Thus, the 





repeat the same process, as shown in Fig. 1(d 
writer believes that this is a genuine cascade phenomenon 

rhe same phenomenon exists if lighter dve is used. In that 
case, all the offspring rings will be displaced upward above the 
original ring. The original ring could also be generated by sud 


denly ejecting the dye through an opening of a tube which is 





merged in the fluid. In general, the phenomenon is most 





FORUM 313 











a b c 
Fic. 2. Generation of an offspring ring from the mother filament 
/ . . . 
‘ - | Direction of translation 
ie ae x 
of the vortex pair 
Fic. 3. Conjectured instability of a vortex pair under three 


dimensional disturbances 


favorably produced when the direction of translation of the 


original ring coincides with the direction of the force acting on 


the filament 
te from instability under 





This phenomenon seems to origi 
some infinitesimal disturbance Asa matter of fact, it is found 
that the quieter the body of fuid is, the better and more sym 
metrical pattern of the phenomen can be observed Phe 
fundamental element in the instability mechanism is believed to 
be the force acting on the filament in this case due to density 
difference No generation of ler ngs Vv »bserved when 
dve with the same density as it of the fluid was used Phe 
vortex motion of the original ring is essent to form the fila 
ment but is probably incidental to t basic ( is] f in 
stability although its presence might modify the instability cri 
terion. A mathematical analysis to prove the instability and to 
find the instability criterion is being attempted Phe instability 


fluid laver heated 


fluid between two 


observed here is somewhat similar to that of 


from below and to the Tavlor instability 


rotating evlinders. The complication in the present problem 


is that the undisturbed motion is not steady as in the other two 


cases 


One possible conjecture about the instability is that the vortex 


pair, attached and generated by the filament as the filament 


moves relatively to the fluid under the force acting on it, grows 


and becomes unstable under three-dimensional disturbances 


If the pair is disturbed as shown in Fig. 3, the disturbed parts 





A sequence of pictures showing the development of a vortex-ring cascade 
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A and B, under suitable conditions such as a proper ratio of the 
distance between the pair filaments to the filament core size, 
may move forward with a greater velocity than the general 
translational velocity of the vortex pair. This relative motion 
will facilitate the increasing of the vorticity of the disturbed 
parts, resulting in even a greater relative velocity with respect 
to the vortex pair, and will eventually lead to the formation of 


anew vortex ring 


A MOopEL OF TRANSITION TO TURBULENCE 


The cascade phenomenon described in the last section suggests 
a plausible model of transition to turbulence. Let us replace 
the dye filament by a vortex filament made of the same fluid 
as that surrounding it. Assume that the body of fluid has a 
shear motion. Furthermore, suppose that this vortex filament 
is not convected freely but has a relative motion with respect to 
the shear flow. Due to this relative motion, the vortex filament 
will experience some force acting on it and will be forced to ac 
celerate through the fluid. Thus we have a situation analogous 
to the one described in the previous section except that here the 
acceleration is a result of the interaction of the shear flow and 
If the 


instability mechanism is also valid here, this vortex filament, 


the vortex rather than that of the density difference 


under suitable conditions, will generate smaller vortex rings 
These new filaments will, in turn, be acted upon and distorted 
by either the general shear flow or flows due to other vortex 
filaments and, if conditions are favorable, will continue the cas- 
cade process. After several cycles vortex rings of different sizes 
will be distorted and oriented in somewhat random fashion, re 
sulting in a turbulent condition. 

The essential relative motion between the vortex filament 
and the shear flow is not inconceivable. Let us consider the case 
of tripped transition or transition due to roughness. At low 
Reynolds Numbers a curved vortex filament will be generated 
and will be attached to the roughness. As the Reynolds Num- 
ber increases beyond a certain value, a part of the filament will 
be at first dislodged and then stretched and moved away from the 
wall by the shear flow. Disregarding the viscous diffusion, a 
vortex filament coming from a highly retarded flow region could 
be expected to have a relative motion with respect to the sur- 
rounding shear flow. This relative motion can manifest itself, 
in an idealized case, by the velocity discontinuity at the inter- 
boundary which is actually the source of vorticity for the new 
rings to be generated just as the nonhomogeneity of density is 
the source of vorticity in the dye-ring cascade. To maintain 
such a source of vorticity, it is probably necessary to have a shear 
motion with increasing velocities away from the wall. 

For investigating the transition phenomena it seems that there 
is a need of a basic unit process upon which a chain reaction 
or a cascade reaction, can be built up. Under certain favorable 
flow conditions this chain reaction will be triggered, and so enters 
the turbulence. The model just described meets this require 
ment. Some well-known features of transition may be inter- 
preted with this model in mind 

In some instances, it is conceivable that the cascade has 
started, but, after a few cycles, it lacks the necessary conditions 
to continue. The flow will revert back to laminar flow. This 
may account for the turbulent burst spots which do not lead to 
turbulence as observed by Emmons. 

In the cascade process, each generation occupies a larger 
territory than the preceding one. In a shear flow, starting from 
a turbulent spot, this cascade will sweep out a wedge-shaped 
turbulent region. This is in line with the observation made by 
Emmons with a water table and with the well-known trans- 
verse contamination first observed by Charters. 

Transition is probably too complicated a phenomenon to be 
explained by any one single physical mechanism. The ring 
cascade observed is so interesting that the writer was tempted 
to make this conjectured model. Whether it is relevant or not 
as a transition mechanism remains to be seen. 
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Note on Tip-Bluntness Effects in the the J 
Supersonic and Hypersonic Regimes rune 


F. D. Bennett Fig. é 
Ballistic Research Laboratories, Aberdeen Proving Gr t wh 
November 19, 1956 on ¢ 


iy A RECENT LETTER,' M. H. Bertram presents some data ted 
flows at JJ = 6.85 around 10° half-angle cones with blunp, line 
tips. Since the demarcation between the supersonic id hyper Phe 
sonic regimes is not sharp and since one expects hypersonic fj 
to be generally similar to those at lower Mach Numbers es} 
cially where viscous effects do not predominate throughout ¢ su 


entire field of interest—it is of some value to compare Bertram runc 


results with those obtained by Giese and Bergdolt? for 15° ha val 





a oe 


angle cones at JJ = 2.45. 





Following the observation by Charter ss al 
and Stein® that drag coefficient measurements on blunted con the sl 
imply a Reynolds Number effect, Giese and Bergdolt study t 
convergence to conical flow of the perturbed flow about a , ck 
with truncated tip. They employ the Mach-Zehnder interfero; 1 Fig 
eter and the conical flow criterion’ as analytical tools yhos¢ 

The first point of comparison may be made in connection wit 
Bertram’s observation that the main shock wave undergoes a 
inflection some 20-25 tip diameters from the nose He ascriby 
this inflection to an overexpansion at the tip. Definite optic 
evidence that such an overexpansion takes place is not obvioy 


from Bertram’s schlieren pictures. On the other hand, in Fig 


of Giese and Bergdolt’s paper and in Fig. 4 of the Charters-Steir 
report, the overexpansion is clearly marked by the presence of 
shock wave emanating from a point slightly behind the corner 
formed by the truncation. According to the discussion given | 
these authors (reference 2, pages 1395-1396, and reference Be 





pages 17-19), the flow at the blunted tip separates while travers 
ing the corner, turns too far in passing over the separated regio 
and is both compressed and turned back to parallelism with t 
cone surface by the shock RL I 
As is well known,® any interior shocks in the flow about 
supersonic projectile must ultimately merge either with the mai ; 
head wave or with the principal shock from the wake. For trun 
cated cones, the truncation or secondary shock clearly must merg 
with the main front shock. Thus we may say that the flow be 
hind the main shock is turned away from the axis upon passag 
through the secondary shock and that this occurs at points 
further and further back from the tip as the main shock is aj 
proached. Finally, the secondary shock merges gradually wit 
the main shock in a pseudo-conical, triple-shock intersectior On t 
Beyond this point the main shock will have slightly increase Vi 
slope in order to turn the flow as much as the two shocks togetl 
turn it before the intersection. Furthermore, the main shock wi A J 
ultimately approach the slope characteristic of the conical flow t Presid 
which the perturbed flow converges. Hence one would expect Nover 
rapid change toward higher values upon measuring shock ang 
through the intersection region. This is substantially what Bet =" 
tram finds. The intersection occurs about 13.5 tip diameters T 
behind the vertex of the detached, main shock in Giese and Berg ' 
dolt’s Fig. 3. Considering that larger Mach Number and smallet | 





cone angle will tend to displace the intersection rearward, 
have support for the assumption that Bertram’s inflection pout 
is actually a triple-shock intersection of the type just describe 

For other truncation diameters in the IJ = 2.45 series, t long 
intersection of main and secondary shocks occurs between 1o a! iXis 
16 tip diameters behind the foremost point on the main shock so the 
As the truncation diameter decreases, the flow perturbation dt direct: 
creases and so also does the optical effect of the secondary shock | Fro 
until all three vanish for the perfect cone. While for small tru | quant 
cations the attached shock is difficult to distinguish by eye, © that t 
effect is very noticeable in the conicity plot where it causes Let st 
large bump in the curves representing traces near the nose (¢! respec 
Fig. 11 of reference 2). betwe 

Remeasurement of the original photographs shows that t £ 
ratios of shock detachment distance to truncation diameter I! comp 
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the M = 2.45 series lie between 0.33 and 0.38. The 1-mm. 


ication length interferogram was excluded on account of the 





large error of the measurement (approximately +17 per cent) 
Fig. 5 of reference 2 cannot be relied upon for this ratio because 
f what appears to be scale error made in locating the intersec- 
ion of the shocks with the axis. Interferograms of cylinders at 


985 
= bo. 


0.2 Mach Number higher than the mean for the trun 


ited cones, were available to the writer. Shock stand-off to 
linder diameter ratios were 0.30 and 0.32 for two cases 
The reduced interferograms of Figs. 14 and 15 of reference 2 
wa density variation at the surface in the same direction as 
ertram’s C, variation but much sharper near the tip. Densi- 
ip to twice those characteristic of the cone are found at the 
runcation corner. These fall rapidly through a steep gradient 
values lower than conical within one fifth of a tip diameter or 
ss and then rise more gradually as far as the data extend toward 
tie shoulder 
In Fig. 14 of reference 2 the weak secondary shock is indicated 


y close isopyenals for p/p; = 1.20 and 1.30. The region shown 
n Fig. 15 of reference 2 lies entirely ahead of the second shock 
yhose attachment point would lie just behind the 0.80 isopyenal 
The low-density region is relatively more than twice as large as 
that of Fig. 14. Thus, the existence of a Reynolds Number 
effect is evident upon comparison of the density fields alone 





Considering that the highest tip Reynolds Number obtained 
by Bertram is nearly a factor of 10 smaller than that of Giese and 
Bergdolt and that the scale effect is quite small even for their 3 
ind 6-mm. truncation lengths, it is not surprising that Bertram 
does not find any appreciable Reynolds Number effect 
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On the Couette Flow of a Compressible, 
Viscous, Heat-Conducting, Perfect Gas 


A. J. A. Morgan 


President, AER, Inc., Pasadena, Calif. 
November 19, 1956 


5 PURPOSE of this note is to provide the background for a 
generalization of some of the results given for the problem 
considered in references 1 and 2. The problem is that of deter 
mining the steady laminar flow of a compressible, viscous, heat 
conducting, perfect gas or fluid, influenced by both gravity and 
buoyancy body forces, between two infinite horizontal plates 


lhe lower plate is stationary, and the upper plate is in translation 


g its length with a speed l’y* in the direction of the positive 

ixis. The origin of the axes is placed at the stationary plate 
so that the x-axis coincides with this plate and the positive y 
direction is upward, towards the moving plate 

From the above formulation of the problem, it is seen that all 
quantities characterizing the flow will be functions of y only and 
that the only nonzero velocity component is in the x-direction 
Let starred quantities, with and without a subscript 0, refer, 
respectively, to conditions at the moving plate and at any point y 
Further, let 7*, U*, p*, p*, u*, and 


respectively, the absolute temperature, x-velocity 


between the two plates 
k* denote, 


component, static pressure, density, viscosity, and heat conduc 
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tivity within the gas. Then a corresponding set of dimension- 


less quantities can be defined by the equations 
T* = 7T,*, U* = uUo*, p* 


. — = * 


u* = pye*, k* = kho*, 


= ppo*, p* a 
y = nh 
where h is the distance between the two plates 

Now, under our formulation, the continuity equation is identi 
cally satisfied and, in terms of the above-defined dimensionless 
variables, the partial differential equations for the conservation 


of momentum and energy® reduce to 


(d/dy 
dp/dn) = 2PAp +A 2 


Mu du/dn = l 
(d/dn) |k(dT/dn + 2o*y(du/dn 0) (3 


with the equation of state for 
po*7o*, taking the form 


a perfect gas, p*/; of is } 


p/pT = 1 | 
where 
Qo? = (70 — 1)PrMo’ 
P,, = Prandtl Number at moving plate = 
u*(To* )cp*( T0*)/k*( To* 
Mo = Mach Number at moving plate = l*/V 30RTo* 
Coo* = cp*(To*) = value of specific heat at constant pressure 
at moving plate, a function of absolute temperature 
Co* = Cy*(To*) = value of specific heat at constant volume at 
moving plate, a function of absolute temperature 
v0 = Cyo*/Cro® 
a = speed of sound at moving plate = V yopo*/p 
V yoRTo* 
g = acceleration due to gravit\ 
R = gas constant 
K = ghpo*/po* = yogh/ao? 


Note that the values of ¢ and A are only dependent on the values 


of the properties of the fluid at the moving plate Furthermore, 


Eqs. (1)-(4) hold when yp, k, cp = Cp*/Cy*, and Cy = Cyr*/C.* 
are arbitrarily assigned differentiable functions of 7 In fact, 
because of the nature of the simplifications introduced by our 
problem, c,(7) and ¢.(7) do not even appear in Eqs. (1 j 


hence, these equations may be considered to hold when. the 
Prandtl Number varies from point to point within the fluid 


The boundary conditions for the problem are taken as 


un = 0) = 0, wy = 1) = 1, T(n = 0) = TM, Tin = 1) = 1 
Following reference 2, on integrating Eq. (1) we obtain 
u(du/dn) = C 6 
where C; is a constant. Upon substituting this result into Eq 
(3), it can be written as 
(d/dn) |k(dT/dn = 2a?C\(du /dr 7 


so that an integration of this equation gives 


k(dT/dn = C. 2a*Cyu bd 


Now, departing from the method of reference 2, on dividing Eq 
(8) by Eq. (6) and integrating the resulting equation, we havet 


Pz 
(Co/C;)u o7u? + Cy = / Rk(o)/n( eo) de F(7 q 


where Co and C; are constants. Since the boundary conditions 


of Eq. (5) can also be expressed as T(u = 0) = Tyand T(u = 1 
1, the evaluation of the constants in Eq. (9) gives C; = @?C 
F(T))C, and C,; = F(7 Hence, Eqs. (8) and (9) can _ be 
written as 
k(dT/dn) = |o*(1 2u) — F(T9)|C 10) 
F(T) = o7u(1 u) + (1 — uw) F(T wu) (11 
+ From the kinetic theory of gases we can conclude that [k(7)/u(7 x 


a cy(T Hence, if 7o 1 and Cy*(7 const., Eq. (7) of reference 2 will 
for most real gases and over some temperature ranges) hold up to a constant 


multiplying factor 
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The ratio of heat transfer to skin friction is obtained on divid- 
ing Eq. (10) by Eq. (6 At 7» = 0, where u = 0, this ratio 


becomes 


K( 0) | [R(d7/dn u(du/dn Fs =d F(7 (12 


0 


which holds for arbitrarily assigned differentiable u( 7), &(7 

c(T), and ¢,( 7) under the boundary conditions of Eq. (5 Thus, 
the result given in reference 2 has been generalized since there 
Eq. (12), with F(7 
k(T) = T, cp = Ki, and c, = Ky or when p = Aj, k = Ky, c, = 
K,, and c, = Ko, Ky, 


Eq. (12) reveals several interesting properties of the flow under 


omitted, was shown to hold when p( 7) = 
, A; being constants 


consideration: (1) This equation (even at » # 0) is independent 
of AK, which characterizes the gravity effect; thus, the ratio of 
heat transfer to skin friction, «(m), is unaffected by gravity (2 
Because ¢,(7°) is a monotonically inereasing function of 7°, the 
integrand of Eq. (9) (see footnote) and F( 7) must also have this 
property; hence, there is a value of the prescribed temperature, 
7) > 1, at the stationary plate for which the quantity o F(T» 
vanishes. Thus, there is a value of 7) > 1 for which «(0) = 0 
or, alternately, for which there is no heat transfer from the sta 
tionary plate. (3) If (0) = o? = «(O) when 7 1, we note 
that «(0) KO) when 7o > 1 and «(0) > (0) when 7 l 
(4) The dependence of «(0) on the properties of the fluid be 
tween the two plates is evidenced only through the term F(7 
whose value is known once uf 7) and &( 7°) have been assigned 
By inverting Eq. (11) (graphically or analytically) it is pos 


sible to obtain an expression for 7 as a funetion of a, say 
T = F-'(a(u)) gC u 


But, since w( 7°) is a known function of 7, Eq. (6) can be integ 


rated to vield 


Cin c, = { wl e(&))dé F(u 13 
J0 
where, upon imposition of the boundary conditions of Eq. | 
ba | zs 
Cc -{| w(e(é))dé = F(1) C; = 0 (14 
0 


Again, by a graphical or analytical inversion of Eq. (13), 1 can be 
exhibited as a function of »—that is, 
u = F-\(Cyn) (15) 
so that 7 can also be found as a function of 7 
It now remains to determine p as a function of y. By use of 
Eq. (4), Eq. (2) can be written as 
(dp dn) + 2|K/T(n p= K (16 
rhe solution to this equation can be found on letting p = v 


where w(7) satisfies the homogenous counterpart of Eq. (16); it is 


pi n = 
—_ — »: 
_ j ; dé ] 7 ’ dé a 
CK «exp 2A ( exp | 2A : dé (17 
{ Jo FH J 0 Jo TE 

where C is a constant that can be evaluated on setting p = 1 at 
n= 1. Eq. (17) isa slight generalization of one of Illingworth's 
results. The expression for p(7) is now obtained from Eq. (4 
that is, p(n) = p(n 7(n 


The expressions for the four unknowns in our problem u(y), 


T(n), p(n), and p(y), under the boundary couditions of Eq. (5), 
have been obtained without specifying the functional forms of 
u(T), R(T), 
Prandtl Number 

] 


of these quantities on temperature has been specified, numerical 


eT), and c.7); hence, they hold for arbitrary 


Admittedly, once the functional de pendence 


integrations may be required to exhibit the solutions in explicit 
form 
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Inversion of the Prandtl-Meyer Relation fo, 
Specific-Heat Ratios of 5/3 and 5/4’ 


Ronald F. Probstein 

Associate Professor, Division of Engineering, Brown Ur 
Providence, R 

December 3, 195¢ 


| * NT WORK! has indicated the general usefulne if 
mining airfoil characteristics by the so-called s k 
sion method, in which the surface pressure distributi 


airfoil is computed by calculating the conditions direc 


the airfoil associated with a uniform shock generated b wedg 
equal to the Ic iding edge iuigle, foll ed b in iscntrop Pr 
Mever expansion. In particular, the appt 

give excellent results at hypersonic speed How 

usual form in which the Prandtl-Mever relation is writte 
turning angle is expressed as a funetion of the inctdent M 
number M and the specitic-heat In this « t 
Mach Number (or pressure) on t bod urface « 
expressed implicitly as a function of the body shape, with t 
sult that in general it is not p ible to determin 

such properties as optimum airfoil design, et 


For a constant specific-heat ratio, the Prandtl-Mever 


is usually written in the form 


where v is the turning angle It is the purpose of the prese 
note to show that for two practically important values of 
inalytic inversion of Eq. (1) can be carried out Po the aut 
knowledge, these inversions have not been pointed out pr 
viously 

By setting A? + | l) and a 


l becomes 
vy =A tan a tan AN a y 


If \ is assumed to take on only positive integer values, then for 
is, respectively, 


Now from the addition formula for the arctangent 
tan . = tan" 9 tan ets P/E FF 29 


and it follows directly from Eq. (2) that for \ integer a pol 


nomial in @ of order (A + 1) will be obtained. Since a solution 1 


terms of roots exists only up to the fourth degree, then in gener 
) ] 


an analytic inversion of Eq. (2) is possible only for values 


1 = 1, 2. or 3.T However, the case A = 1(5 = is physicall 
unreal so that the two remaining cases for which Eq. (1) could 
principal be inverted are \ = 2(4 = 5/3), andA = 3 = 5/4 

Before carrying out the inversion it should be noted that bot 
For examp 


of these values of are of practical interest 





5/3 corresponds to a monatomie gas. It has already been show! 


that aerodynamic testing at hypersonic Mach Numbers can 5 


Phis note is an outgrowth of a broad program of theoretical re arc 


hypersonic flow sponsored by the Aeronautical Research Laboratory, Wt 
Air Development Center, USAF, under Contract AF33(616)-2798. Th 
iuthor wishes to thank Prof. Boa-Teh Chu of the Division of Engineering 
Brown University, for many interesting discussions 

+ If X is expressed as the rational fraction 7 where t cant 
shown that the degree of the equation which obtained in the 1ant 
nais m + n and that no other simple analytic inversions can be found 
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p in helium, and recently Mueller’ has found, b Damping Due to Internal Flow 
: 9 ck-expansion method, that correlation exists 
eC ¢ tlicrents ( ] elu tl el idt A WY ore* and T Keller* 
: : Clear f the s k-ex] jot niversit ado. Boulder. Cx and Grumman Aircraft 
distributi lytic : ‘ be ter ngineering Corporation, Bethpage, N.Y., Respective 
f forees acting on airfoils, uti ig i t f 1 December 7, 195¢ 
ition for the Pt tl-Mever equation Another example for whi the 
ght be approximately 5/3 is at ult igh flight SYMBOLS 
( ck wave Is vel tl g d where the d 
: ; f | dime nie damping der tive 
g veen the bod nd the k wave ts “‘fr 1 t ™ 
; : reference length 
e y ( ( | ition behind the wave | iuse t LOTT le force 
tes are ver \ ] t f ( ( vhere d nee from the center of rotation to the duct entrance 
oh 1 ultlicient tT ig sot t ll t 1 re ( t e « vn ean 
‘ the feactive + 1“ if * qual tance from the center of rotat to the duct exit (4 
fd tive downstrean 
0) the ther | id, i t I 10Onl Uc re “ moment 
k-exp ev fast d the gas reaches a state of thermodynamic equilib s irea 
ion t t temperature rom approximately 3,400°R time 
be L600°R t 1 atmospher the mean specific-heat ratio cceaetenes : 
: y x distance to fluid element from center of rotatior 
) i Wedg Fe ; fron hou S » | 4 nder ne} condit ne = 
ai z te ut 1. t 4 Und ‘ tl 0 rate of rotation d@ of the duct 
ic Prandt vel ue for f about 5/4 would be appropriate. Still density of fluid 
\ ‘ f where 5/44 pp! ble is to be found in Subscripts 
r, 1 1 eXisting mn the 1 ( ection of I ket motor, 0 free stream condition 
te I t gase re expanded from the combustion chamber K reference 
t M Clear manv more aerodvnamic pplications can be found entrance effect 
‘ ; ; Coriolis effect 
P ror t case ol o/e the mversion ¢ eq Is quite Il total internal-flow effect 
g { rad na be 1) ed b etting 1 8 and 
th ther ; 
: Vi tan 28 rhis leads to the relation tan (@ + B 
vt : INTRODUCTION 
2) 1 3, from the expanded form of whi ne finds tan 
tan (v/2 ’ The Mach Number can then be expressed | ag SE of the increasingly large mass-flow rates being handled 
r relat f te cormnnetitic in vivi the following relation by internal-flow engines as flight speeds are increased (e.g., 
wii 5/3 supersonic ram-jets), the question of the contribution of the in 
ternal flow to the total aerodynamic damping has become of 
L-7 tan (9/2 )/*/° tan (9/2))°"" » interest 
| : ‘ This paper derives an expression for the additional damping 
] t t 
the above equation, the maximum turning angle given ; 
- R coefficient due to internal flow based upon considerations of the 
ic present 1s een to be l 2 
; " ' change in flow angle of the air as it enters the tube and on the 
s of thod of inversion for »/4 is the same as used ee bs 
, Coriolis effect on the fluid within the tube rhe relations ob 
e author's 1cr¢ wever, im this Case © 2s 3 7 and — “ 
‘ tained apply to both straight and curved ducts when the dis 
out pr \ | tan 3¢ From this definition of 8 the following rel : 
; ‘ . - ‘ tances are measured in straight lines from the center of rotatior 
for JJ is found by expanding tan 58 
’ - \n expression is also presented for the percentage contribution to 
\, Eq V/ e2 4 1)8/e2(% 3 the total damping from the flow of fuel along the duct length 
cot B However, the solution for 2 8 (vy) 1s not \NALYSIS 
2 sites imple as before since the relation tan (@ + 8 
: ¢ ‘ 1 } J y > , r 
eat n 38 leads to a quartic in ¢ of the form Damping Due to Flow Entry 
The following assumptions are made 1) Changes in direc 
) g /3 1/2 0 g I 
tion of the air entering the duct occur abruptly at the duct en 
cot 6 cot (v/3 Phe root of the quartic which trance 2) Fluid velocities within the tube are not affected 
g be determined by utilizing the fact that the maxi by rotation—that is, centrifugal forces in the flow direction are 
um turning angle associated with J = iS 3 r rhus, neglected 
cient of the ¢ term is always negative since wp > 1/yV3 rhe air entering the duct is given a velocity increment 6 
O ing the given quartic for ¢, the relation for 1/7, with = normal to the duct centerline The normal force developed 
5/4, is found to be at the duct entrance due to this velocity increment will be equal 
| i ( 1/9 to the rate of change of momentum of the entering air and can be 
po ¥ + 3)/[v + (38/2 “(¥ + 3)/(¥ ) 
‘ , a expressed is the product of the mass-flow rate and the velocity 
lutior ia 
re increment rhus 
1 gener 
F, pSV(6 ] 


ilues ol r ; 1/2 { 


ivsicall + t n+ 1 2 n) + . 
ue | | The damping moment developed by this force acting about the 


sould 1 - ; 
ies 1\1/2 )! 2 center of rotation is 
= 5/4 
} , ‘ 
it bot a { = pSV6 2 
_ 7 1/2 We may also express this moment in terms of the conventional 
sa n = [3 cot? (v/3 1] !/4 a : 
doesnot damping coefficient, reference area, and length 
can be iF 1/9 V,' ] I/O" y : 
= 2) po Vo2.Spd( 6d /S - 3 
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neering nie 7 ‘ » . 
15, Journal of the Aeronautical Sciences, Vol. 23. No. 2 aSV = poSob = po VoSpl So/S; rt 
' 8 t 15, February, 195¢ 
t can be ia chs : ‘ 
juantity : 
i ff 1 I S Shar t Hype Spee * Assistant Professor, Department of Aeronautical Engineering 
inc wr 4 ‘ 
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Fic. 1. Typical flow stream through duct 


Combining Eqs. (2), (3), and (4) we obtain 
Cy , = —4(S0/ Sp) (11 /d)? (5) 


Ad/21 


where S)/Sz is defined as the “capture area ratio.”’ 
‘ 


Damping Due to Coriolis Effect on Fluid Within the Tube 


Referring to Fig. 1 we see that the force exerted on the wall of 
the tube by a fluid element of volume Sdx may be expressed as 
the Coriolis force on a particle which is moving with respect to a 


rotating coordinate system: 
AF. = 2pSAxV6 (6) 


Then the net moment developed by the fluid contained in the 
tube may be determined by summing over the tube length the 
and the dis- 


product of the Coriolis force on each fluid element 


tance from the element to the center of rotation: 


*/ hal] 
M,. = J, xdF, = J, 2pS Voxdx 7) 
‘i t 
But since 2pSV@ is constant, 
Me = [—2pSV6(x?/2)]1, = —2pSVO[(l.2/2) — (?/2)] (8) 


Then defining the 1/7. in terms of the reference areas, length, 


and moment coefficient we obtain in a manner analogous to the 
previous case 


Cw,a; = $(.Sp/Spr) [(l2/d)? — (1,/d)? 9 


Total Damping Moment Contributed by Internal Flow Through Duct 


The total moment coefficient due to the entrance and Coriolis 
effects is 
Cj) = $(.So/Spr) (l2/d)? 10 


) 


rhis relation and curved ducts when 
/, is measured in a straight line from the center of rotation 

It has been tacitly assumed throughout that no fluid other 
than that in the external stream tube flows through the duct. 
This, of course, If it is 
desired to include the effects of fuel addition, the damping should 


applies to both straight 


ignores the effect of any fuel addition. 


percentage equal to 


1-—(, Is) 2] (F/A)-100 


be increased by a 
(11) 


where /; is the straight-line distance from the fuel supply to the 


center of rotation, and F/A is the fuel-air ratio. 


The Analytic Study of Laminar Boundary- 
Layer Stability in Free Convection 


J. E. Plapp 
Assistant Professor of Mechanical Engineering, The Rice Institute, 
Houston, Tex 


December 17, 1957 

i IN A FLUID of infinite extent, a stationary semi-infinite flat 
plate is held isothermal at a temperature different from that 

of the fluid 

expected to become established when a body force field such as 


from the plate, a free-convection flow can be 


that of gravity is present. When the plate is warmer than the 


fluid and the component of the body force vector parallel to the 


z| 
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plate is directed toward the leading edge, the flow will proceg 
along the plate away from the leading edge as a boundary Jaye § 


\ similar type of flow occurs when the play 
fluid and the the body for 
plate 


as shown in Fig. 1] 


is cooler than the component of 


parallel to the is directed away from the leading ed 





Both the boundary-layer thickness and the maximum velocity ; si 
the boundary layer increase with increasing distance from th I 
leading edge In Fig }. F is the body force vector, ar 1 € and rg 
are nondimensional coordinates measured parallel and perpen. | 
dicular, respectively, to the plate. Experience has shown th 

such flows are initially laminar and become turbulent after ¢J 

fluid has proceeded some distance away from the leading edge : 


By means of an interferometric technique, observations! hay 
been made of instability waves preceding transition in such fre 
convection These 
Tollmien-Schlichting waves of the 
layer in that they proceed in the direction of flow and are a 


flows instability waves are similar to 





forced-convection bound 





fied with the eventual establishment of the turbulent regin 
Lately, an attempt? has been made by the author under th 
direction of W. D. Rannie of California Institute of Technolog 
to treat the stability of these laminar free-convection { 

analytically The method of small oscillations was used t 


derive the following two equations, which are descriptive of tl 


essentially parallel flow of a fluid with properties other thar 
density taken to be constant: 
gS = ¢) ¢g”’ = a’*g) u’’y tT 1 aR ¢ ay 2a*¢ Tr a‘e 
ak) 1b ab ' 
: 
(a os — 0'¢ + (t1/aak)(s" a* = () 2 R 
where 
&% = nondimensional mean-flow velocity component parall 
to plate, a function of 7 
¢ = nondimensional phase velocity of disturbance 
¢ = complex amplitude of a disturbance stream functior 
equal to ¢(n)e'* £—¢7) | in which a is the wave number 
the disturbance and 7 is nondimensional time 
f = aconstant fixed when a is specified 
R = Reynolds Number based on maximum velocity in bound 
ary layer and boundary-layer thickness at a given dis 
tance from the plate leading edge 
b; = cos w, w being defined in Fig. 1 
bs = sin w Cho 
s = complex amplitude of temperature disturbance functi 
equal to s(n) e’** ~ 
@ = nondimensional mean temperature of fluid, a function ‘ ts 
” tiie 
o0 = Prandtl Number of fluid , 
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Fic. 1. 

















Will proces Primes d lifferentiation with respect to 7 1.0 T T — 
undary lave oy ffers from the well-known Orr-Sommerfeld stabilits —— 
it , 1 ~ —“ 
hen the plat. | tion b e presence of the last term, which is due to buoyant z 
1e pla 10n wi 
body for rees resulting from the interaction of the body force field with ° Z 
I -g Z 
iding edg sity perturbations. Since these density perturbations art i 09 oe ff i 
‘ * 3 _—_— 7 / 
nN velocity } nsidere t irise from temperature fluctuations, this last term o 4 imine Gy 
f ; : a . ling hE 2). whicl 1 ee = 000 - Y/ PRE RE 
ice from th Eq vides coupling with Eq. (2), which 1s a disturbance Ft 666 rs OE 
: un g vais * i > 
t ' Ys ae _ 
and perpen. § btaining solutions of these equations and applying appropri $ I / Faso > 
= os|— Sx" | | 
shown th boundary conditions can in general, for a given flow, be x UY ws SUCTION ” 
3 5 j , = we SIDE PAG 
nt after the | pected t etermine an indifference curve in the a-R plane o r se > 
ing edge | ich separates pairs of values of @ and & corresponding to a 
itions! hay lifi scillations from those corresponding to damped 
in such free. & oscillations Practically, however, performing this process O7 If + + + t 
lilar to th very difficult ill except possibly the two simplest of six | 
| 
n boundary | proximate methods which have been developed for doing 
d are amplj. | s on the bases of various simplifving assumptions would 2 
impli = 
the use of extensive high-speed computing facilities for 





pet - ° 02 04 0.6 08 10 

















; 
_ : , r RADI TI 
rechnology | One of the two simplest methods of solution was used to con ¥'p ADIUS RATIO 
' 
: ; ‘ forar 1 © } on h wurves . 
ction flows indifference curves for free convection 1n alt The curve Ric } Choking-flow coefficients in curved passages 
as used to | ich were obtained indicated correctly that the flow is laminar 
Dtive of th r the leading edge of the plate and that it can become turbu 
other thar t only after proceeding some distance along the plate. How Phe following is an exact solution for a very special class of prob 
the quantitative agreement with observations’ was con lem The analysis treats the case of constant-width passages 
bly poorer than had been anticipated apparently because whose sides are circular ares with a common center of curvature 
a‘“g) - ° . ’ 
= () i mputational limitations and inadequacies in assumptions rhe gas is assumed to have uniform stagnation properties and 
i is hoped that extensions of both experimental and analytic simple free-vortex velocity profile 
“ stigations of laminar flow stability in free convection can be 
| the f i . 
he future GENERAL EQUATIONS 
nt pat REFERENCES rhe basic parameter of interest is the ratio of flow in the chan- 
Eckert. E.R. G nd Soehnghen, E S nel with free-vortex velocity distribution to the flow in a straight 
] a ( ! B La channel with choked flow 
n functior edit f the General Discussion on Heat Transfer, 11th—-13th Septem 
re . we 
number of r 51 2 : 23; Institution of seats hanical I agincers, London, 1951 "ie = | oVd { att 
I 2. Fi I] nar B wdary Layer Stabili in Free ¢ i a a 
ion with Variable Fluid Properties, Ph.D. Thesis ¥ panne ; 
1 Institute of Technology, 1957 ‘ P/?P oie a , 
y in bound i 
given dis rhe various conventional substitutions for perfect gases witl 
+ A 
uniform stagnation conditions give 
7 . V/V*) = M* = l th(k +1 k l . 2a 
Choking Flow in Curved Ducts 
P } y - 
e functi p/p A y 2b 
- » is } ] ) 
| ~ Tr where 7 1 l kK kK ~( 
: Adviso A\ Ga rbine D on, Westinghouse 
unction x an. 
. er ws ti and the free-vortex impl 
SYMBOLS tr 4s is * , " 
———— ? a VW \/ = l [ l > 18) 
F ratio of curved duct flow to choking flow in a straight duct 
a function of ¢ en the integral may be reduced to the form 
in integer ’ r ’ 
. _ far i »  2)/9 (A . 
perfect gas specific heat ratio Cr = (MV I . ' k ibs 
f Mach Number . r A dy 
ntegers / . } 
radial distance from center of curvature of duct . 2(1 4 


ratio of static to stagnation temperature : 
temperature rhis expression is integrable in closed form only if the exponent 


velocity 1/(k 1) is equal to a rational fraction (n/m) or, for practical 

gas density purposes, only if m = 2 rherefore, the only permissible values 
| Superscript of the specific heat ratio are 

’ mic condition | ; ' . 

R@= . 2 /n n 2 o 


Subscripts 


ire side of the passage his is no severe limitation since the entire range of interesting 


' suction side of the passage values of k ean still be covered in detail By coincide nee, this 


theoretical estimation 





gnation condition criterion for integration is identical to 


maximum vah pL: , 1 ; , j 
ee of k in the molecular theory of gases, with m equ illing the number 


of molecular degrees of freedom 
INTRODUCTION . : : : a 
= rhe value of the integral is then, for » odd, 
"if 


; V ARIOUS ANALYSES! have been carried out to evaluate t ‘ ) } . 
; 7 * ] Rk + ] ? * 
ki Cs yl ‘ 1 ys 








choking-flow coefficient in a passage due to the curvature of 
Passa ge rhese treatments were, of necessity, approximate te / 
tm using various linearizations and simplifications for the — rcta : 


ae Ve 


'vature of the streamlines and the perfect-gas relationships 
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and, for m even, 
F(t f + ? f } arctanh 


bee 


or, for ” even, 


Fit = 





MAXIMUM FLow u 
an : : . nd subs ion in Eqs. (2 3 and (6 r (61 
The maximum flow that the passage can pass is defined by the ind substitution in Eqs. (2a), (3b), and (6a) or (6b 
: “OTT oO ‘ig i es the so ol ha hi Oo 
requirement Regime I on Fig. 1 indicat the lution that tl computa 
tion sequence vields for various values of specific-heat ratig 
OCr/OM,* = NY : - ssible bevor ™ vime | | . 

No solution is possible beyond this regime by the foregoing typg 
which results in the relation of analysis because the maximum velocity of the gas is reached af 
the suction side of the channel. Beyond this limiting situatiog 
(in Regime II), the limiting flow is given by Eq. (1) with maxg 


mum velocity at the suction side equivalent to 


Actual computation requires the simultaneous solution of Eqs 0 


(6) and (8). This is possible to accomplish in a straightforward 


manner by obtaining solutions to the relationship REFERENCI 


F(t,) = F(t,) Huppert, M. C., and MacGregor, C., ¢ 
Observed Performan * Gas Turbine Sta 


where, for » odd, Flow, NACA TN 1810, April, 1949 


..-Calculated and Observed Flutter Characteristics of a Helicopter Rotor Blade 


(Continued from page 290) 


For nontrivial solution of Eqs. (A-2) to exist, the Dynamic Model of a Two-Blade Jet-Driven Helicopter Rotor 
NACA TN 3376, April, 1955 

2 Scanlan, Robert H., and Rosenbaum, Robert, /ntroduction td 
the Study of Aircraft Vibration and Flutter, The Macmillan Com 
part, each of which therefore has to be identically pany, New Vork, 1951. 


determinant of the coefficients of 8, and 6, must equal 
zero. This determinant has a real and an imaginary 


equal to zero. Two equations are thus obtained in Theodorsen, Theodore, General Theory of Aerodynamic Ins 
stability and the Mechanisn: of Flutter, NACA Report 496, 1949. 
Timoshenko, S., Vibration Problems in Engineering, 2nd Ed, 
D. Van Nostrand Company, Inc., New York, 1947 
> Goland, Leonard, and Perlmutter, A. A., A Comparison of 
compared with the assumed value, and, if agreement is the Calculated and Observed Flutter Characteristics of a Helicopler 


terms of 1/2, and w,/Q,. These equations are solved 
for the flutter speed, Q,, and the frequency ratio, 


w,/Q,. The resulting value of R = w,(c/2)/2,(3/4)R is 


not obtained, the process is repeated for another Rotor Blade Having Both Control System and Blade Flexibility, 
value of k. The convergence is very rapid and, after Aeronautical Engineering Department, Report No. 333, Prince: 
ton University, December, 1955. 
a ; 5 Gessow, Alfred, and Meyers, Garry C., Jr., Aerodynamics of 
Gons. the Helicopter, The MacMillan Company, New York, 1952. 
7 Perlmutter, Abraham Adolf, The Effects of a Spanwise Varia- 
tion of the Section Shear Center Position on the Flutter Characteris- 
' Brooks, George W., and Sylvester, Maurice A., The Effect of tics of a Helicopter Blade, Aeronautical Engineering Department, 
Control Stiffness and Forward Speed on the Flutter of a 1/10 Scale Report No. 350, Princeton University, May, 1956 


some experience, is usually obtained in about two itera- 
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